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ABSTRACT

The information bottleneck (IB) finds a compressed representation that preserves
information relevant to a task. Traditional IB defines this compression–prediction
tradeoff for a fixed joint input–output distribution. While robust IB variants account
for perturbations in that distribution, they do not explicitly preserve the information
needed to estimate the uncertainty at the output of the bottleneck. To address
this fundamental limitation, we propose the credal information bottleneck (CIB),
which for the first time represents uncertainty in the data-generating distribution
and the data processing, and propagates it over the bottleneck, enabling its esti-
mation and categorization at the bottleneck output. Importantly, CIB disentangles
aleatoric, data-induced and processing-induced uncertainty. This knowledge about
the sources of uncertainty allows performing specific and selective interventions
at deployment-time. To do so, CIB leverages the formalism of credal sets, i.e.,
convex sets of probability distributions, to characterize and propagate the uncer-
tainty and the information about the uncertainty sources through the bottleneck.
By replacing point-valued representations with credal sets, CIB fundamentally
changes the very definition of information object and information distortion. We
introduce variational CIB (VCIB) to make CIB differentiable, and prove that the
VCIB objective upper-bounds the CIB up to an additive term. We further prove that
every pooled-efficient IB representation incurs a strictly positive credal-distortion
floor, which CIB provably overcomes. On three colored benchmarks with environ-
ment conflict, VCIB improves post-deployment worst-case accuracy by up to 6.4
percentage points over the strongest baseline.

(a) Variational Information Bottleneck

(b) Variational Credal Information Bottleneck

Figure 1: The IB compresses a point-valued input by optimizing a single pipeline of processing
functions based on a compression–prediction tradeoff under one pooled law. The proposed CIB,
instead, uses credal sets to represent the uncertainty in the input distribution and the processing
functions. To implement the processing functions, (a) the variational IB (VIB) uses an encoder and
a decoder respectively parametrized by θ and φ, while (b) the VCIB instantiates credal sets on the
model parameters (identified by θk and φj) and the input distribution to distinguish among aleatoric
uncertainty (AU), epistemic uncertainty (EU) on the input and EU on the encoder/decoder.
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1 INTRODUCTION

Learning representations that preserve task-relevant information is a fundamental problem of statis-
tical machine learning (Bengio et al., 2013; Achille & Soatto, 2018). The information bottleneck
(IB) (Tishby et al., 2000), whose variational approximation is presented in Figure 1(a), formalizes
this problem as a rate–relevance tradeoff, i.e., for an input X , target Y and representation Z, it seeks
to preserve information about Y (maximal relevance) while limiting the information retained from
X (minimal rate). Neural approximations extend this to high-dimensional data, using variational IB
(VIB) (Alemi et al., 2017) and nonlinear IB (Kolchinsky et al., 2019). Robust IB methods penalize
the sensitivity of representations to input perturbations (Pensia et al., 2020). Related minimax work
examines worst-case inference risk under a description-rate constraint (Li et al., 2020).

Key Issues. While traditional IB selects a representation under a fixed joint distribution, in practical
scenarios the data-generating distribution is unknown and the compressing–decompressing pipeline is
itself uncertain (Mohajerin Esfahani & Kuhn, 2018; Gal & Ghahramani, 2016). Thus, a representation
optimized for a nominal distribution may miss predictive information or encode spurious information
whose correlation with the target fails under distribution shift (Federici et al., 2021; Zhou et al.,
2021). Robust IB and minimax methods (Pensia et al., 2020; Li et al., 2020) do not explicitly
distinguish irreducible stochasticity, i.e., the aleatoric uncertainty (AU), from uncertainty about the
data-generating law and processing functions, i.e., the epistemic uncertainty (EU), when determining
what information to retain. This distinction helps both compression and decision: downstream
decisions must account for AU, while additional observations or model refinement may reduce EU.
Thus, the key challenge is to obtain representations and compression rates that retain the information
necessary to disentangle AU and EU at the output.
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Figure 2: (left) Disentanglement of
AU, input EU and processing EU
at the task output using VIB (bot-
tom) and VCIB (middle) against the
ground-truth (top); (right) expected
accuracy gain when accounting for
the EU in making the decision.

Our Approach. We introduce the credal information bottle-
neck (CIB), a new theory for uncertainty-aware compression
that for the first time preserves both input and processing un-
certainty. As shown in Figure 1(b), CIB departs from prior art
since it allows the compressed representation’s uncertainty to
be separated into AU, data-induced EU (i.e., environments con-
flict) and processing-induced EU (i.e., model uncertainty). CIB
relies on credal sets as mathematical backbone for modeling
the EU (Abellán et al., 2006). Thus, CIB learns a stochastic
representation that is optimized to preserve a set-valued predic-
tive target rather than a single pooled predictive law. As such,
CIB’s objective is fundamentally different from prior robust IB
work since it changes the information object into a set and the
distortion into distortion among sets.
We provide a visual representation of the CIB approach in Fig-
ure 2. The results are obtained using the variational relaxation
detailed in Section 4 on the colored MNIST dataset, where the
ground truth is obtained as detailed in Appendix D. While VIB
only measures total uncertainty, variational CIB (VCIB) sepa-
rates its components, including EU associated with the source
and the model (left panel). This distinction enables different
responses: the system can abstain when model EU is high or
adapt its decision with high input EU. The resulting accuracy
improvement (↑ 7.8 percentage points overall) is shown in the
right panel.

Technical Challenges. The first core technical challenge is
preserving and disentangling uncertainty across diverse data-generating environments. We tackle
this by enforcing credal sufficiency, i.e., we ensure that the representation retains the full geometry
of the credal set (Definition 1). The second technical challenge is formalizing an IB objective
over uncertain environments. We address this by defining the credal rate and credal distortion.
In Theorem 2, we prove that whenever an environment-specific labeling law is not almost surely
determined by the pooled target, every pooled-efficient IB representation incurs a strictly positive
credal-distortion floor. In contrast, CIB provably guarantees vanishing credal distortion as β increases,
bounding the reconstruction error of the full credal set.
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Summary of Novel Contributions

❶ We formulate the CIB, a new information bottleneck theory that preserves information about the
uncertainty and its source through the bottleneck by transmitting a set-valued instead of a point-valued
information, providing end-to-end uncertainty preservation;

❷ We formalize a new compression–prediction problem (Sections 4.1 and 4.2) modeling the bottle-
neck through credal sets of possible distributions over the input and the compressor/decompressor
functions, enabling the decomposition of EU between the contributions of input and processing;

❸ We derive the VCIB, a variational relaxation of the CIB (Section 4.2). VCIB is fully differen-
tiable and extends CIB to high-dimensional and continuous settings, which ultimately allows its
implementation as neural networks (NNs);

❹ We evaluate VCIB on three colored benchmarks under shift (C-MNIST (Arjovsky et al., 2019),
C-KMNIST, C-Fashion-MNIST) and show that it reduces the worst-environment credal distortion of
competitive robust and Bayesian baselines by a factor of 1.8× to 4.4×, improves worst-case accuracy
after test-time environment reweighting by up to 6.4 percentage points over the strongest baseline,
and detects environment conflict with an AUROC of up to 0.99, against at most 0.83 for the baselines.

Summary of Impact. By providing a new notion of information object and information distor-
tion, the proposed CIB enables, for the first time, the estimation of the sources of uncertainty
of the task output, i.e., the AU, which allows identifying spurious inputs, the EU on the input
data, which isolates environment disagreement, and the EU on the compressor/decompressor
functions, which quantifies the ignorance about the best processing realization. A representation
trained against a pooled predictive law does not preserve environment-specific predictive dis-
tinctions. Such distinctions are not measurable from the pooled target, and Theorem 2 shows
that every pooled-efficient representation incurs a strictly positive credal-distortion floor.

2 RELATED WORK

Information Bottleneck and Robust Compression. The IB (Tishby et al., 2000) seeks a representa-
tion Z of X that balances compression, measured by I(X;Z), against information relevant to a target
Y , measured by I(Y ;Z), under a specified joint law P (X,Y ). The VIB and nonlinear IB make
this tradeoff tractable for neural encoders using variational and nonparametric information bounds,
respectively (Alemi et al., 2017; Kolchinsky et al., 2019). Conditional IB has also been applied
to time-series imputation (Choi & Lee, 2024). These methods optimize with respect to a nominal
training law, typically estimated from finite data. As such, discarded features may become relevant
when task-relevant associations shift (Geirhos et al., 2020; Koh et al., 2021). Robust IB methods such
as Fisher-information regularization target perturbations of the input (Pensia et al., 2020), while coded
redundancy protects task-oriented representations against communication-channel degradation (Xie
et al., 2023). Minimax distributed inference optimizes rate-constrained prediction under worst-case
risk over a distributional ambiguity set (Li et al., 2020). IB-IRM (Ahuja et al., 2021) combines the IB
with invariant risk minimization and seeks a representation on which a single classifier is optimal in
every training environment, whereas CIB preserves environment disagreement. These formulations
do not jointly distinguish AU, input-level EU and model-level EU when selecting a representation.
Recently, Bonacorsi et al. (2026) introduced a credal rate–distortion theory. Yet, it does not account
for the task relevance, which is the focus of CIB and requires a completely different formulation.

Credal Sets and Imprecise Deep Learning. Imprecise probability theory (Walley, 2000; Troffaes,
2007) models uncertainty through a credal set C of probability measures, thus separating AU from
EU. While early credal models were confined to discrete variables due to the intractability of lower
and upper expectations (Cozman, 2000; Antonucci & Cuzzolin, 2010; Utkin & Destercke, 2009),
recent work has introduced credal priors in Bayesian NNs (BNNs) (Caprio et al., 2024a;b), credal
deep ensembles (Wang et al., 2024; 2026), Random-Set NNs (Manchingal et al., 2025), and credal
concept bottlenecks (Mukherjee et al., 2026). All prior work has focused either on parameter-space
priors or output sets. Conversely, CIB formulates task-relevant latent compression with separately
specified source and processing ambiguity.

Deep Uncertainty Quantification. Bayesian NNs (MacKay, 1992; Blundell et al., 2015; Rudner
et al., 2022; Hobbhahn et al., 2022), deep ensembles (Lakshminarayanan et al., 2017), epistemic
networks (Osband et al., 2023), evidential heads (Sensoy et al., 2018; Amini et al., 2020), or mutual
information regularization (Alemi et al., 2018; Guo et al., 2024) have been proposed for uncertainty
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quantification. In ensemble learning, diversity among members is enforced through information-
theoretic objectives such as minimizing conditional redundancy in representation space (Rame &
Cord, 2021). However, sampling and ensembling methods estimate model EU from the spread of
their members without constraining what information each representation retains, while evidential
models lack a rate–distortion regularizer that prunes non-robust features. Adams & Elhabian (2023)
use Monte Carlo dropout and ensembles to approximate model EU from variation in predictions.
However, this estimate depends on the chosen approximation to the weight posterior and can miss
ambiguity across plausible source worlds. CIB models that source ambiguity separately from
uncertain model parameters and accounts for both when choosing what information to retain. Its
variational version, VCIB, derives uncertainty directly from the credal geometry of the output,
providing robust compression alongside separate aleatoric and epistemic estimates for both the data
distribution and the model.

3 PRELIMINARY NOTIONS

Information Bottleneck. Given an input X∈X and a target Y ∈Y with nominal joint law P0(X,Y ),
the IB (Tishby et al., 2000) learns a stochastic encoder P (Z |X) under the Markov chain Y →X→Z,
by minimizing the rate–relevance Lagrangian LIB =I(X;Z)−βI(Y ;Z), where I denotes mutual
information and β ≥ 0 weights relevance (I(Z;Y )) against rate (I(X;Z)). Because these terms are
intractable for high-dimensional data, the VIB (Alemi et al., 2017) bounds them using a parametric
encoder pθ(Z |X) and decoder qϕ(Y |Z), and a prior on the compressed representation r(Z), which
is typically set as Gaussian N (0, I). The resulting rate and relevance bounds are defined as

I(X;Z) ≤ EP0(X)

[
DKL

(
pθ(Z | X)∥r(Z)

)]
, (1)

I(Y ;Z) ≥ H(Y ) + EP0(X,Y )Epθ(Z|X)

[
log2 qϕ(Y | Z)

]
, (2)

where DKL is the Kullback–Leibler (KL) divergence and H(Y ) is the entropy of Y .
Imprecise Probability. Imprecise probability theory (Walley, 2000) represents EU by replacing a
single law with a credal set, that is, a non-empty, closed and convex set of probability distributions.
Given distributions P1, . . . , Pm on a common measurable space, for instance the members of an
ensemble, their convex hull is the finitely generated credal set (FGCS)

P = conv({P1, . . . , Pm}) :=
{
Pλ =

∑m
i=1 λiPi : λ ∈ ∆m

}
, (3)

∆m :=
{
λ ∈ Rm

≥0 :
∑m

i=1 λi = 1
}
, (4)

where conv denotes the convex hull and λi the i-th mixture weight; we write [m] := {1, . . . ,m} for
the index set of plausible data-generating environments. Let ∆(Y) be the probability simplex on
a finite label set Y and H(p) = −

∑
y∈Y p(y) log2 p(y) the Shannon entropy in bits. For a credal

set C ⊆ ∆(Y), the upper and lower entropies H(C) = supp∈C H(p) and H(C) = infp∈C H(p) yield
the decomposition H(C) = H(C) +

[
H(C) − H(C)

]
, as in Abellán et al. (2006); Hüllermeier &

Waegeman (2021), where H(C) represents AU, i.e., uncertainty inherent to the data distribution (e.g.,
in the presence of label noise), and H(C)−H(C) isolates EU, the reducible uncertainty stemming from
lack of confidence about a given prediction, as reflected by the disagreement among the candidate
distributions in C. Thus it follows that when C is a singleton, EU cannot be disentangled.

4 THE CREDAL INFORMATION BOTTLENECK METHOD

Section 4.1 defines the CIB objective and compares it with pooled IB; Section 4.2 derives a differen-
tiable model through variational relaxation. Section 4.3 introduces the uncertainty decomposition over
the input data and model parameters. Complete proofs for all theorems are available in Appendix C.

4.1 CREDAL RATE–DISTORTION

Let (X,Y ) take values in X × Y , where X is a standard Borel space (for example, Rd) and Y
is a finite label set with n = |Y|. Environment i ∈ [m] generates data according to Pi(dx, y) =
µi(dx) pi(y | x), where µi is its input distribution and pi(· | x) ∈ ∆(Y) is its labeling law, and
P = conv({P1, . . . , Pm}) as in Equation (3). The credal target T (x) = (p1(· | x), . . . , pm(· | x))
collects the labeling laws, and C⋆(x) = conv({pi(· | x)}i∈[m]) is the true conditional credal set. An
encoder is a Markov kernel e(dz | x) into a code space Z , an uncountable standard Borel space
such as Rd; since e observes only x, Y →X→Z is a Markov chain under every environment. We
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write Ii and Hi for mutual information and entropy under µi(dx) pi(y | x) e(dz | x), and define the
environment distortion δi, the credal rate R and the credal distortion D as

δi(e) = Ii(X;Y )− Ii(Z;Y ) = Ii(X;Y | Z) ∈ [0, log2 n], (5)
R(e) = max

i∈[m]
Ii(X;Z), D(e) = max

i∈[m]
δi(e). (6)

Definition 1 (Credal sufficiency). An encoder e is credally sufficient if D(e) = 0, meaning that under
every environment the representation preserves all task-relevant information: pi(· | X) = Pi(Y ∈ · |
Z) almost surely under Pi for all i ∈ [m].

Credal distortion controls how well C⋆(x) can be recovered from the compressed code. Let qi(z)=
Pi(Y ∈ · | Z = z) be the Bayes decoder of environment i, p̂i(· | x) =

∫
qi(z) e(dz | x) its

readout, and Ĉe(x) = conv({p̂i(· | x)}i∈[m]) the reconstructed credal set. Each readout satisfies
Eµi

[
dTV

(
pi(· | X), p̂i(· | X)

)]
≤
√
(ln 2/2)D(e), where dTV(p, q) =

1
2

∑
y∈Y |p(y) − q(y)| is

the total variation distance; if D(e) = 0 and µ1, . . . , µm are mutually absolutely continuous, then
Ĉe(X) = C⋆(X) almost surely under every environment (Proposition 7). The CIB objective trades
rate against distortion in the worst of the m generating environments, i.e.,

min
e

Fβ(e), Fβ(e) = max
i∈[m]

[
Ii(X;Z) + β δi(e)

]
≥ max{R(e), βD(e)}, β > 0. (7)

Because the infimum does not need to be attained over general kernels, an encoder e is called an
ε-minimizer of Fβ if Fβ(e) ≤ infe′ Fβ(e

′) + ε for a given ε ≥ 0.
Pooling Information Bottleneck. A conventional approach to environmental uncertainty under the
classical IB (Tishby et al., 2000) is to collapse the polytope P into one mixture Pλ =

∑m
i=1 λiPi

with weights λi > 0. Its input marginal is µλ =
∑m

i=1 λiµi and its labeling law is the pooled target

T̄λ(x) := pλ(· | x) =
m∑
i=1

ρλi (x) pi(· | x), ρλi (x) := λi
dµi

dµλ
(x), (8)

where the Radon–Nikodym derivative dµi/dµλ makes ρλi (x) the posterior probability of environment
i given x (defined µλ-almost everywhere). Pooled IB minimizes Iλ(X;Z)−βIλ(Z;Y ), where Iλ is
mutual information under Pλ. An encoder with Iλ(X;Z) < ∞ is pooled-efficient if no other encoder
has pooled rate Iλ(X;Z) smaller or equal and pooled relevance Iλ(Z;Y ) larger or equal, with at
least one inequality strict; every finite-rate minimizer of the pooled objective is pooled-efficient for
any β ≥ 0 (see Appendix C).
Theorem 2 (Fundamental Limits of Pooled IB). Assume λi > 0 for all i ∈ [m], and define the
pooling floor and the credal-target rate

Dpool
λ := max

i∈[m]
Ii
(
X;Y | T̄λ(X)

)
, RT := max

i∈[m]
Hi

(
T (X)

)
, (9)

with Hi(T (X)) := ∞ when T (X) is not discrete under µi. The following hold.

(i) Pooling floor. Every pooled-efficient encoder e depends on x only through T̄λ(x), µλ-almost
everywhere; therefore D(e) ≥ Dpool

λ for every rate and every β ≥ 0. Moreover, Dpool
λ > 0 if

and only if, for some i ∈ [m], pi(· | X) is not µi-almost surely a function of T̄λ(X).
(ii) Achievability. If eβ is an εβ-minimizer of Fβ for every β > 0 and εβ/β → 0, then D(eβ) → 0

as β → ∞. If RT < ∞, every ε-minimizer e of Fβ satisfies D(e) ≤ (RT + ε)/β.
(iii) Separation. If Dpool

λ > 0, RT < ∞ and β > (RT + ε)/Dpool
λ , then every ε-minimizer e⋆ of

Fβ and every pooled-efficient encoder e satisfy D(e⋆) < Dpool
λ ≤ D(e).

The floor in (i) is a property of the pooled target and holds for every β, whereas (ii) shows that the
CIB removes it as β grows. Corollary 13 further shows that any uncertainty estimate computed from
pooled-efficient encoders has an irreducible expected error whenever the true uncertainty is not a
function of T̄λ(X).

4.2 VARIATIONAL CREDAL INFORMATION BOTTLENECK (VCIB)
Directly evaluating Fβ is computationally intractable in continuous spaces, since both the repre-
sentation marginals pi(z) and the Bayes decoders qi are unknown. As such, we introduce VCIB,
which parameterizes the credal sets over models and data environments through amortized varia-
tional bounds, thus optimizing a smooth minimax surrogate (Appendix A.2). Following Caprio
et al. (2024a), VCIB represents model EU by a FGCS generated by K posteriors Q1, . . . , QK
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over encoder parameters θ. A shared deterministic backbone feeds K Bayesian encoder heads
ek(z | x) =

∫
eθ(z | x) dQk(θ), each producing a diagonal Gaussian code, where eθ is the encoder

with parameters θ. Each environment i has J Bayesian decoder heads qij(y | z), j ∈ [J ], shared
across encoder heads, and each pair (i, k) has a learnable code prior rik. Environment-specific priors
are required because a single shared prior implicitly penalizes the information that Z carries about
the environment index (Proposition 14). We write Iik and δik for Ii and δi evaluated with encoder ek,
and Lref

i for the held-out cross-entropy of a reference network trained on environment i without a
bottleneck, which estimates Hi(Y | X) when the labeling laws are not available in closed form.

Theorem 3 (Variational credal bound). For i ∈ [m] and k ∈ [K], define the variational rate R̂ik and
the average decoder cross-entropy L̄ik as

R̂ik := Eµi

[
DKL

(
ek(· | X) ∥ rik

)]
, L̄ik :=

1

J

J∑
j=1

EPi,ek

[
− log2 qij(Y | Z)

]
, (10)

and the resulting bracket as
b̂ik :=

R̂ik

β
+ L̄ik − Lref

i , (11)

where EPi,ek is the expectation over (X,Y )∼Pi and Z∼ek(· |X). If these quantities are finite, then

β b̂ik ≥ Iik(X;Z) + β δik(ek)− β εrefi , εrefi := Lref
i −Hi(Y | X), (12)

with equality if and only if rik equals the code marginal
∫
µi(dx) ek(· | x) and every qij(· | z) equals

the Bayes decoder of environment i under ek for almost every z.

Taking the maximum over i in Equation (12) and summing over k gives
∑K

k=1 Fβ(ek) ≤
β
∑K

k=1 maxi∈[m] b̂ik +Kβmaxi∈[m] ε
ref
i . The offset εrefi is the estimation error of the reference

network; it can have either sign and does not depend on the trained parameters. We therefore mini-
mize, over the parameters of the encoders, decoders and priors, the objective LVCIB or its smooth
surrogate Lτ

VCIB with temperature τ > 0:

LVCIB :=

K∑
k=1

max
i∈[m]

b̂ik, Lτ
VCIB :=

K∑
k=1

τ ln

m∑
i=1

exp
(
b̂ik/τ

)
. (13)

Since LVCIB ≤ Lτ
VCIB ≤ LVCIB +Kτ lnm, the surrogate upper-bounds the minimax objective and

converges to it as τ → 0+; its gradient weights each environment by the softmax of its bracket. In
training, each bracket additionally carries a KL penalty on the decoder parameter posteriors, scaled
by the environment sample size (Appendix A.2).

4.3 UNCERTAINTY QUANTIFICATION

Each input x yields m×K×J predictive distributions p̂iℓ(· | x)=
∫
qij(· | z) ek(dz | x), indexed by

environment i and model hypothesis ℓ=(k, j)∈ [K]×[J ]. The predictive distributions define the
per-environment and overall predictive credal sets

Ĉi(x) = conv
(
{p̂iℓ(· | x)}ℓ∈[K]×[J]

)
, Ĉ(x) = conv

(⋃m
i=1 Ĉi(x)

)
. (14)

Definition 4 (Nested credal uncertainty decomposition). Let W (C) := H(C)−H(C) be the entropy
width of a credal set C. The total uncertainty TU := H(Ĉ(x)) decomposes as TU = AU+EUmodel+
EUinput, where

AU := H(Ĉ(x)), EUmodel := max
i∈[m]

W (Ĉi(x)), EUinput := W (Ĉ(x))− EUmodel. (15)

Both EU terms are non-negative, since Ĉi(x) ⊆ Ĉ(x) implies W (Ĉi(x)) ≤ W (Ĉ(x)).
Uncertainty-guided intervention. At deployment-time, estimating the environment mixture that
best models the current operating condition can reduce EUinput, thus improving task performance.
Let B be a test-time batch of unlabeled inputs, and rGik be the moment-matched Gaussian code prior
of the environment–encoder pair (i, k) (Appendix A.6). We perform inference over the environment
by computing the likelihood over the compressed representations at the outputs of the encoders. We
obtain weighting factors wi(B) for the different worlds and use them to build a credal set ĈB(x) on
the environment as follows:

wi(B) ∝ exp

(∑
x∈B

1

K

K∑
k=1

Ez∼ek(·|x)
[
ln rGik(z)

])
,

m∑
i=1

wi(B) = 1,

ĈB(x) =
{∑m

i=1 wi(B) p̃i : p̃i ∈ Ĉi(x)
}
.

(16)
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The task prediction is then obtained as the E-admissible label (Levi, 1974) with the largest lower
probability, ŷ(x) = argmaxy∈E(ĈB(x))

∑m
i=1 wi(B)minℓ∈[K]×[J] p̂iℓ(y | x), where E(C) is the set

of labels that are Bayes-optimal for some member of C. The impact of the intervention procedure is
shown in Figure 2 and Table 4. Implementation details shown in Appendices A.6 and A.7.

5 EXPERIMENTAL RESULTS

Objectives. The evaluation focuses on three key research questions: ❶ Does VCIB overcome
the pooling floor of Theorem 2? ❷ Does VCIB correctly disentangle AU and EU? ❸ Does CIB
uncertainty disentanglement translate into gains in task performance at deployment?

Setup and metrics. We use Colored-MNIST (C-MNIST) (Arjovsky et al., 2019), Colored-KMNIST
(C-KMNIST) and Colored Fashion-MNIST (C-Fashion-MNIST). Both C-KMNIST and C-Fashion-
MNIST follow the exact same two-environment construction and binary shape-color correlation
rule as C-MNIST (detailed in Appendix D), substituting the underlying digit images with Kuzushiji-
MNIST (Clanuwat et al., 2018) characters and Fashion-MNIST (Xiao et al., 2017) items, respectively.
All methods share the same backbone (Appendix A.1). We compare against VIB (Alemi et al.,
2017), IB-IRM (Ahuja et al., 2021), credal Bayesian deep learning (CBDL) (Caprio et al., 2024a), a
5-member ensemble of VIB (Ens-VIB), and a variant of VCIB with credal sets on the model only,
pooled over environments (VCIBmod). We also report the rate-unconstrained limit VCIB (β→∞).
Each method with a bottleneck is evaluated at the value of β in its grid whose training rate is closest to
2 bits; instead, CBDL and VCIB (β→∞) have no rate constraint. We report the worst-environment
distortion D, the worst-environment accuracy (WC-Acc) and the area under the risk–coverage curve
(RC-AUC). Each uncertainty component is evaluated by the AUROC against its own signal: EUinput

against inputs on which the environments disagree (AUROCconflict), EUmodel against under-trained
inputs (AUROCmodel), and AU against out-of-support inputs (AUROCOOD). After deployment, we
reweight the environments on unlabeled 100-element batches, and report the resulting worst-case
accuracy (WC-Accint) and regret under intervention, defined as

WC-Regint = max
i∈[m]

(
Acc∗i − Acci

)
, (17)

where Acc∗i denotes the optimal-Bayes accuracy achievable on environment i, and Acci is the
accuracy achieved by the model after batch-level environment reweighting. A lower regret indicates
that the post-intervention decision closely matches the best possible predictor for that environment.
VCIB uses Equation (16) to perform test-time intervention. The baselines use calibrated label-
shift expectation maximization (EM) (Alexandari et al., 2020). The results are averaged over 10
seeds. Each method is compared with VCIB through a paired Wilcoxon test with Holm–Bonferroni
correction (Wilcoxon, 1992; Holm, 1979). The details about the encoder/decoder NN implementation,
the baselines and the evaluation methodology are reported in Appendix A.
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Figure 3: Rate–distortion plane on C-MNIST
obtained by sweeping β ∈ [2, 16]. VCIB breaks
the distortion lower bound of pooled bottlenecks.

Rate–distortion plane. Figure 3 depicts the
worst-environment distortion against the worst-
environment rate on C-MNIST. VCIB and VIB
curves are reported over their β grids, together
with the exact CIB and pooled IB. At rates smaller
than 0.7 bits, VCIB, VIB and the exact CIB
present the same distortion. Above this rate,
the exact pooled IB curve saturates at the floor
Dpool

λ ≈ 0.2 bits defined in Theorem 2, thus the
shaded region below it cannot be reached by any
pooled code. VIB saturates slightly above the floor
(0.24 bits distortion), and its rate does not exceed
1.5 bits despite increasing values of β. VCIB
crosses the pooled IB floor at about 1 bit and
reaches about 0.05 bit distortion at a rate of 2 bits,
in agreement with Table 1. The exact CIB curve
reaches zero distortion at about 2 bits, consistent
with Lemma 5 (Appendix C).

Overcoming the pooling floor. Table 1 reports the results of the comparison at a 2-bit budget. The
pooled methods (VIB, Ens-VIB, CBDL and VCIBmod) reach a worst-environment distortion D
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Table 1: Performance at a 2-bit rate budget: for each method the results are obtained at the β of its
grid whose training rate is closest to 2 bits. R: rate of one code; R̄joint: upper bound on the rate of all
K codes (Kolchinsky & Tracey, 2017). Bold: best mean and every method not significantly different
from it; ▲/▼: significantly better/worse than VCIB. Mean ± standard deviation over ten seeds.

Dataset Method β R R̄joint D ↓ WC-Acc↑ WC-Accint ↑ WC-Regint ↓ RC-AUC↓

C-MNIST

VIB 16 1.115±.026 1.341±.035 0.248±.006
▼ 0.810±.006 0.810±.006

▼ 0.091±.004
▼ 0.104±.003

Ens-VIB 16 1.140±.015 2.436±.071 0.246±.006
▼ 0.813±.005 0.812±.005

▼ 0.088±.003
▼ 0.104±.004

▲

IB-IRM 12 0.214±.091 0.366±.160 0.536±.022
▼ 0.710±.020

▼ 0.717±.018
▼ 0.184±.019

▼ 0.175±.028
▼

CBDL – – – 0.240±.007
▼ 0.812±.005 0.812±.005

▼ 0.089±.003
▼ 0.104±.003

VCIBmod 16 1.149±.019 2.023±.107 0.243±.008
▼ 0.811±.005 0.811±.005

▼ 0.090±.003
▼ 0.104±.004

VCIB(β → ∞) – – – 0.043±.004
▲ 0.809±.006 0.883±.005

▲ 0.017±.002
▲ 0.106±.004

VCIB (ours) 16 2.065±.021 3.430±.065 0.055±.006 0.807±.010 0.873±.005 0.026±.006 0.106±.004

C-KMNIST

VIB 16 1.339±.028 1.752±.045 0.315±.012
▼ 0.776±.011 0.774±.011

▼ 0.126±.008
▼ 0.116±.004

▲

Ens-VIB 16 1.404±.020 4.081±.077 0.317±.008
▼ 0.781±.009 0.778±.009

▼ 0.121±.005
▼ 0.110±.002

▲

IB-IRM 12 0.084±.030 0.125±.058 0.586±.009
▼ 0.596±.036

▼ 0.618±.034
▼ 0.283±.036

▼ 0.291±.033
▼

CBDL – – – 0.312±.010
▼ 0.777±.007 0.777±.007

▼ 0.123±.004
▼ 0.114±.003

▲

VCIBmod 16 1.398±.023 3.006±.100 0.330±.010
▼ 0.769±.009

▼ 0.768±.009
▼ 0.132±.006

▼ 0.116±.004
▲

VCIB(β → ∞) – – – 0.157±.012
▲ 0.778±.007 0.830±.006

▲ 0.067±.007
▲ 0.122±.005

VCIB (ours) 12 2.041±.065 3.563±.296 0.177±.009 0.780±.005 0.821±.006 0.079±.006 0.123±.003

C-Fashion-MNIST

VIB 16 1.198±.041 1.505±.053 0.314±.006
▼ 0.768±.006 0.766±.006

▼ 0.136±.005
▼ 0.115±.004

▲

Ens-VIB 16 1.244±.045 2.766±.113 0.316±.005
▼ 0.772±.006 0.769±.006

▼ 0.133±.004
▼ 0.113±.004

▲

IB-IRM 12 0.419±.106 0.671±.140 0.483±.037
▼ 0.708±.043

▼ 0.735±.016
▼ 0.166±.015

▼ 0.161±.020
▼

CBDL – – – 0.323±.007
▼ 0.767±.005 0.763±.006

▼ 0.139±.004
▼ 0.113±.004

▲

VCIBmod 16 1.200±.026 2.012±.066 0.310±.007
▼ 0.770±.006 0.770±.006

▼ 0.132±.002
▼ 0.116±.004

▲

VCIB(β → ∞) – – – 0.152±.004
▲ 0.772±.008 0.836±.005 0.066±.002 0.122±.004

VCIB (ours) 16 1.960±.033 3.291±.069 0.165±.007 0.773±.007 0.834±.005 0.068±.004 0.123±.003

between 0.24 and 0.33 bit on every dataset, while IB-IRM reaches between 0.48 and 0.59 bit. VCIB
lowers D to values between 0.055 and 0.177, which is 1.8 to 4.4 times lower than the best baseline.
At 2 bits, VCIB is close to its rate-unconstrained limit VCIB(β → ∞), with a gap in D of at most
0.02. At the grid point closest to 2 bits, the pooled baselines use between 1.1 and 1.4 bits, and VCIB
uses between 1.9 and 2.1 bits.

Deployment-time adaptation. Before intervention, the worst-case accuracy of VCIB approaches the
best baseline on all three datasets. After intervention based on the disentangled uncertainty sources,
VCIB improves WC-Accint over the best pooled baseline by 6.1, 4.3 and 6.4 percentage points on
C-MNIST, C-KMNIST and C-Fashion-MNIST, respectively, and reduces WC-Regint by a factor of
1.5× to 3.4×. In contrast, the accuracy of VIB, Ens-VIB, CBDL and VCIBmod changes by at most
0.4 percentage points after intervention. For selective prediction, VCIB is slightly worse than the
best baseline, with an RC-AUC higher by at most 0.013 on every dataset.

Table 2: Uncertainty disentanglement (AUROC). AUROCconflict: EUinput against inputs on which
the environments disagree; AUROCmodel: EUmodel against under-trained inputs (the training images
for digits 2 and 7 are reduced to 2% maintaining the same β); AUROCOOD: AU against out-of-
distribution (OOD) inputs. Methods without the split use the best available uncertainty cue (VIB:
TU; Ens-VIB: mutual information; CBDL and VCIBmod: EUmodel). Bold: best mean and methods
performing similarly; ▲/▼: much better/worse than VCIB. Mean ± standard deviation over 10 seeds.

Dataset Method AUROCconflict ↑ AUROCmodel ↑ AUROCOOD ↑

C-MNIST

VIB 0.827±.013
▼ 0.600±.035 0.661±.065

Ens-VIB 0.224±.011
▼ 0.642±.019 0.681±.042

IB-IRM 0.616±.116
▼ 0.607±.024 0.540±.020

▼

CBDL 0.299±.037
▼ 0.640±.040 0.620±.087

▼

VCIBmod 0.203±.026
▼ 0.558±.012

▼ 0.687±.060

VCIB(β → ∞) 0.994±.001
▲ 0.759±.037

▲ 0.689±.062

VCIB (ours) 0.992±.001 0.608±.043 0.729±.049

C-KMNIST

VIB 0.777±.020
▼ 0.599±.041 0.480±.070

▼

Ens-VIB 0.294±.016
▼ 0.637±.009

▲ 0.447±.034
▼

IB-IRM 0.546±.107
▼ 0.531±.017

▼ 0.432±.063
▼

CBDL 0.318±.021
▼ 0.599±.021 0.444±.035

▼

VCIBmod 0.256±.026
▼ 0.571±.012 0.435±.073

▼

VCIB(β → ∞) 0.949±.007
▲ 0.723±.018

▲ 0.635±.058

VCIB (ours) 0.935±.015 0.590±.028 0.661±.054

C-Fashion-MNIST

VIB 0.794±.014
▼ 0.456±.015

▼ 0.624±.067

Ens-VIB 0.347±.019
▼ 0.530±.012 0.598±.034

▼

IB-IRM 0.722±.046
▼ 0.451±.017

▼ 0.642±.077

CBDL 0.340±.047
▼ 0.483±.042

▼ 0.488±.076
▼

VCIBmod 0.230±.014
▼ 0.559±.011

▲ 0.534±.069
▼

VCIB(β → ∞) 0.957±.003
▲ 0.480±.039

▼ 0.671±.044

VCIB (ours) 0.940±.004 0.540±.020 0.672±.029
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Uncertainty disentanglement. Table 2 reports the detection AUROC of each component. EUinput

detects environment conflict with an AUROC between 0.93 and 0.99. The best baseline reaches at
most 0.83 (VIB total uncertainty). The epistemic scores of Ens-VIB, CBDL and VCIBmod reach an
AUROC between 0.20 and 0.35, below chance, so they assign lower uncertainty to conflicting inputs
than to the others. AU detects out-of-support inputs with the best mean AUROC on all three datasets.
EUmodel is the weakest component at 2 bits. VCIB is not significantly different from VIB, Ens-VIB,
IB-IRM and CBDL on C-MNIST, and is worse than Ens-VIB on C-KMNIST. On C-Fashion-MNIST,
VCIB is better than VIB, IB-IRM and CBDL but worse than VCIBmod. On C-MNIST and C-
KMNIST, VCIB(β → ∞) reaches 0.759 and 0.723, whereas on C-Fashion-MNIST the ordering is
reversed. On the first two datasets this is consistent with a rate–distortion tradeoff: under a finite
rate budget, the code retains task-discriminative and environment-disagreement information before
the residual information that expresses parameter uncertainty, so the capacity available for EUmodel

decreases as β decreases.

6 CONCLUSIONS

We introduced the CIB, an information-theoretic framework that preserves set-valued uncertainty
together with task-relevant information through rate-constrained bottlenecks. By replacing nominal
pooled targets with credal sets, CIB provably overcomes the strictly positive credal distortion floor
inherent to pooled representations. Its variational realization, VCIB, enables end-to-end differentiable
training and decomposes output uncertainty into aleatoric, environment-conflict, and model-related
components, facilitating effective unsupervised test-time adaptation.
Summary of technical results. We proved that every pooled-efficient IB encoder factors through
the pooled target T̄λ(X) and therefore incurs a credal distortion of at least Dpool

λ at every rate
and every β; this floor is strictly positive whenever some environment’s labeling law is not almost
surely a function of the pooled target (Theorem 2). When RT < ∞, CIB near-minimizers instead
satisfy D ≤ (RT + ε)/β, which gives strict separation from pooled codes for β > (RT + ε)/Dpool

λ .
Consequently, an uncertainty estimate computed from pooled-efficient encoders has an irreducible
expected error whenever the true uncertainty is not a function of T̄λ(X) (Corollary 13). The VCIB
objective upper-bounds the CIB objective up to an additive term set by the reference-network error
(Theorem 3). At a 2-bit budget on C-MNIST, C-KMNIST and C-Fashion-MNIST, VCIB lowers the
worst-environment distortion by 1.8× to 4.4× relative to the best baseline and detects environment
conflict with an AUROC between 0.93 and 0.99, against at most 0.83 for the baselines. After
label-free intervention, it raises worst-case accuracy over the best pooled baseline by 6.1, 4.3 and
6.4 percentage points, reducing worst-case regret by 1.5× to 3.4×. EUmodel remains the weakest
component at finite rate.
Limitations and Future Directions. While VCIB establishes a rigorous information-theoretic
formulation and an effective variational framework for set-valued uncertainty compression, several
promising extensions remain for future research. Currently, our formulation focuses on finitely
generated credal sets over m distinct observed environments. Extending the variational objective to
accommodate continuous distributions of environments or non-parametric uncertainty sets represents
a natural – yet not trivial – theoretical progression. In addition, our deployment-time adaptation uses
an unsupervised likelihood weighting scheme across code priors to resolve environment uncertainty
at test time. Investigating alternative decision rules, such as active sampling or partial human-in-the-
loop verification when both AU and EUs are elevated, could broaden applicability in safety-critical
deployments. Finally, while our focus is on foundational classification under distribution shift where
exact information limits can be established, applying the CIB principle to structured output regimes,
such as dense segmentation or sequential decision-making, deserves a separate investigation.
Reproducibility Statement. To enable the reproducibility of our theoretical and empirical findings,
complete measure-theoretic proofs for all propositions, lemmas, and theorems (including Theorems 2
and 3) are provided in Appendix C. The exact data generation processes, environment configura-
tions, and closed-form labeling laws for the semi-synthetic benchmarks are detailed in Appendix D.
Comprehensive implementation specifications including model architectures, optimization hyper-
parameters, Bayesian prior and posterior parameterizations, training protocols, evaluation metrics,
and hardware details are documented in Appendix A. Furthermore, full source code along with
configuration files, scripts, and seeded execution routines to replicate all tables and figures will be
made publicly available upon acceptance.
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A EXPERIMENTAL SETUP

This section lists the data, the architectures, the objective and its optimization, the baselines, how β is
chosen, and how each reported quantity is computed. The construction of Colored-MNIST and its
closed-form labeling laws are given in Appendix D. The code, the configuration files and the scripts
that produce every table and figure will be released with the paper.

Out-of-support inputs. For C-MNIST and C-KMNIST the out-of-support inputs are the Fashion-
MNIST test images, and for C-Fashion-MNIST the MNIST test images. They are colored by the rule
of an environment drawn uniformly at random, so they differ from the training data in shape but not
in color.

Under-trained inputs. AUROCmodel is measured on a second copy of each colored dataset in
which classes 2 and 7 keep a random 2% of their training images in both environments; the test split
is unchanged, and its images of these two classes are the under-trained inputs. Every method is
trained on this variant with the same configuration and the same β as on the full dataset, and only
AUROCmodel is taken from it.

Augmentation of the colored datasets. During training only, every colored image is translated at
random by up to 2 pixels (zero padding, both channels together), for every method. The labeling
laws depend only on the class and the color, so the translation leaves the environments unchanged.
Without it, the 25% label noise of small environments is memorized within a few hundred steps.
Validation, test and all evaluations use the untranslated images.

A.1 ARCHITECTURES

Encoder. Every method uses the same encoder NN. On the colored datasets, it consists of three
3× 3 convolutions with 32, 64 and 64 channels and strides 1, 2 and 2, each followed by GroupNorm
with 8 groups and a leaky ReLU, and an average pooling of the last feature map to 2 × 2, which
gives 256 features. GroupNorm normalizes each input separately, so no prediction depends on the
composition of the batch. The backbone is deterministic and shared by the K encoder hypotheses.
Each hypothesis adds a Bayesian head with one hidden layer of 256 units that outputs the mean
and log-variance of a diagonal Gaussian code of dimension dz = 16; log-variances are clipped to
[−12, 4].

Decoders and hypotheses. Each environment has J Bayesian decoders qij with one hidden layer of
64 units, shared by all encoder hypotheses. Credal methods use (K,J) = (5, 3). Bayesian layers
have mean-field Gaussian posteriors over their weights. Following Caprio et al. (2024a), the vertices
of the prior credal set are Gaussian priors whose scales are spread geometrically over [0.8, 1.25]
across the K encoder and the J decoder hypotheses, in units of each layer’s Kaiming standard
deviation g/

√
fan-in (g =

√
2 before a nonlinearity, 1 at the output). Posteriors are initialized with

standard deviations of 0.1 times the prior’s. Deterministic layers use Kaiming-normal initialization.

Code priors. Each pair (i, k) has its own code prior rik, a Gaussian mixture with 10 components
learned jointly with the model. After one epoch (one pass over the largest training environment) the
components are placed by k-means on 4,096 sampled codes of each pair; from then on they are fitted
by their own maximum-likelihood term, which is not weighted by the fidelity weights. VIB, Ens-VIB
and IB-IRM use the fixed prior N (0, I).

A.2 OBJECTIVE AND OPTIMIZATION

Brackets. Training minimizes the smoothed objective of Equation (13). For every encoder hypoth-
esis k, the brackets b̂ik of Equation (11) are combined across environments with fidelity weights
w

(k)
i = softmaxi

(
b̄ik/τt

)
, where b̄ik is an exponential moving average (factor 0.9) of past brackets,

including the weight-KL term described below. The weights are held fixed within a step. The inverse
temperature 1/τt rises linearly from 0, where the environments are averaged, to β over the whole
step budget, so that the final temperature is τ = 1/β. Because the weights use a moving average and
are held fixed within a step, the update approximates, rather than equals, the gradient of Lτ

VCIB. The
backbone and every decoder receive the sum over k of the weighted gradients; nothing is detached or

16
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routed by hypothesis, except the code priors as above. The floor Lref
i is the closed-form Hi(Y | X)

on the colored datasets.

Weight posteriors. The weight-KL terms are scaled by α = 0.1, a tempered posterior: with α = 1,
the KL of the several hundred thousand head weights outweighs the likelihood and the heads collapse
onto their priors. The coefficient rises linearly from 0 over the first 2,000 steps. Each environment’s
term is divided by the size of its training split.

Optimizer. All methods and datasets use Adam with learning rate 10−3, without a schedule, in
single precision. A batch holds 256 images per environment; pooled methods draw m times as many
images from the union of the environments. Training runs for at most 8,000 steps. Every 200 steps
the objective is evaluated on the validation split with 4 weight samples, and training stops after 10
evaluations without improvement; the parameters with the best validation objective are kept. The
validation split is used for nothing else, apart from calibrating the label-shift baseline.

Warm starts. For each method, dataset and seed, the β grid is traversed in decreasing order: the
largest β trains from scratch and each smaller β starts from the checkpoint of the previous one,
without re-placing the code priors. This traces the rate–distortion curve by continuation and keeps
small β away from the trivial encoder.

A.3 BASELINES

All baselines use the backbone, heads, optimizer, step budget and early stopping above. Table 3
summarizes how they differ.

VIB (Alemi et al., 2017) trains one stochastic encoder and one decoder on the union of the envi-
ronments with the prior N (0, I). Ens-VIB (Lakshminarayanan et al., 2017) trains five such models
independently, each with its own backbone, head and decoder. IB-IRM (Ahuja et al., 2021) adds
to the VIB objective, averaged uniformly over the environments, the IRMv1 penalty with weight
1 during the first epoch and 100 afterwards. CBDL (Caprio et al., 2024a) is the credal Bayesian
network with (K,J) = (5, 3), deterministic codes and one decoder row trained on the pooled data.
VCIBmod keeps VCIB’s model credal set, stochastic codes, code priors and rate term, but pools
the environments into one decoder row. VCIB(β → ∞) keeps VCIB’s environment decoders and
worst-case weighting but has deterministic codes and no rate term; its temperature uses β = 16.

Table 3: Methods. R: decoder rows (one per environment, or one pooled); K, J : encoder and decoder
hypotheses.

Method R K J Bayesian Rate term Environments combined by

VIB 1 1 1 no yes, N (0, I) pooling
Ens-VIB 1 5 1 no yes, N (0, I) pooling
IB-IRM 1 1 1 no yes, N (0, I) uniform average + IRMv1
CBDL 1 5 3 yes no pooling
VCIBmod 1 5 3 yes yes, rk pooling
VCIB(β → ∞) m 5 3 yes no worst case
VCIB m 5 3 yes yes, rik worst case

A.4 CHOICE OF β AND RATE ESTIMATES

Rate budget. Every method with a rate term is trained over β ∈ {8, 12, 16} for all ten seeds, and over
the full grid {2, 3, 4, 6, 8, 12, 16} for seed 0, which traces the curves of Figure 3. For each method
and dataset we report the β of the ten-seed grid whose seed-averaged rate on training inputs is closest
to 2 bits, a budget fixed before the experiments, just above the 1.88 bits that the exact CIB needs for
zero distortion on the colored alphabet. No validation or test quantity enters this choice; selecting by
validation distortion would always pick the largest β. This gives β = 16 for every method except
VCIB on C-KMNIST and IB-IRM on every dataset (β = 12). The baselines never reach 2 bits: over
the whole grid their rate saturates between 1.1 and 1.4 bits (IB-IRM below 0.5), so they are reported
at β = 16 (IB-IRM at 12).
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A.5 RATE ESTIMATES AND BOUNDS

Per-code rate. For any density r̂ on Z , Ii(X;Zk) = Eµi

[
DKL(ek(· | X) ∥ pik)

]
≤ Eµi

[
DKL(ek(· |

X) ∥ r̂)
]
, where pik is the code marginal of hypothesis k under environment i; the gap is DKL(pik ∥ r̂).

We use the same r̂ for every method, whatever prior it was trained with. After training, with the
encoder frozen, we fit by EM a Gaussian mixture r̂ik with 10 components to 4,096 codes sampled
from the training inputs of environment i, pooled over 4 weight draws. The bound is then estimated
by Monte Carlo,

Îi(X;Zk) =
1

4N

N∑
n=1

4∑
t=1

[
log e

(t)
k

(
znt | xn

)
− log r̂ik

(
znt
)]
, znt ∼ e

(t)
k (· | xn), (18)

where e
(t)
k is the Gaussian code of hypothesis k under weight draw t. The reported rate R =

maxi,k Îi(X;Zk) takes x1, . . . , xN from the test split; the training rate, which selects β (Ap-
pendix A.4), takes 4,096 fresh training inputs. Both are in bits.

Brackets from pairwise distances. To check R and to bound the rate of all K codes together, we
also bracket the mutual information with the pairwise-distance estimators of Kolchinsky & Tracey
(2017). Fix a weight draw θ and N inputs x1, . . . , xN of environment i, taken with equal weights.
Each input has a Gaussian code ea = N (ma, diag s

2
a), and the code marginal is the mixture 1

N

∑
b eb.

Since I(X;Z | θ) = H
(

1
N

∑
b eb
)
− 1

N

∑
a H(ea), the bounds of Kolchinsky & Tracey (2017) on

the entropy of a mixture give, in nats,

− 1

N

N∑
a=1

log
1

N

N∑
b=1

e−DB(ea,eb) ≤ I(X;Z | θ) ≤ − 1

N

N∑
a=1

log
1

N

N∑
b=1

e−DKL(ea ∥ eb), (19)

with DB the Bhattacharyya distance. For diagonal Gaussians both distances are sums over coordinates,

DKL(ea ∥ eb) = 1
2

∑
l

[
log

s2bl
s2al

+
s2al+(mal−mbl)

2

s2bl
− 1
]
,

DB(ea, eb) =
∑

l

[
(mal−mbl)

2

8 vl
+ 1

2 log vl −
1
4 log

(
s2als

2
bl

)]
, vl =

1
2

(
s2al + s2bl

)
.

Given the weights, the K codes of an input are independent, so the code (Z1, . . . , ZK) is again a
diagonal Gaussian and its distances are the sums over k of the per-code distances. The same formula
then brackets the joint rate I(X;Z1, . . . , ZK | θ). We use N = 2,048 test inputs per environment,
one weight draw shared by all N inputs, and average the bounds over 4 draws. The per-code bracket
takes the maximum over k, and both brackets the maximum over environments. R̄joint in Table 1
is the upper end of the joint bracket. Two properties matter for reading these numbers. The bounds
refer to the empirical distribution of the N inputs, so they cannot exceed logN (11 bits here); no
reported value comes close. They condition on the weights, as the rate term of the objective does,
so the spread of the weight posterior is not counted as information about X . For VCIB, Ens-VIB,
VCIBmod and VIB at the selected β, R lies inside the per-code bracket in every seed and dataset.

A.6 MOMENT-MATCHED CODE PRIORS

Deployment and the environment weights of the default decision do not use the trained mixture priors
rik. They use one Gaussian per pair (i, k) fitted after training by matching the first two moments of
environment i’s training codes:

rGik = N
(
m̄ik, diag s̄

2
ik

)
, (20)

m̄ik =
1

TN

∑
t,n

m
(t)
k (xn), (21)

s̄2ik =
1

TN

∑
t,n

[
s
(t)
k (xn)

2 +
(
m

(t)
k (xn)− m̄ik

)2]
, (22)

where m(t)
k (x) and s

(t)
k (x)2 are the mean and variance of the code of hypothesis k under weight draw

t, over N = 4,096 training inputs of environment i and T = 4 draws (squares taken coordinate-wise).
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This is the Gaussian with the mean and covariance diagonal of the code marginal of Appendix A.5.
The fitted mixtures would also do, but their narrow components sit on the training codes, so a test
code falls between them and a single batch would identify the environment with a confidence that the
data do not support. The two moments ignore where exactly the training codes lie. They enter in two
ways. For a deployment batch B, the score of environment i is

∑
x∈B

1
K

∑
k Ez∼ek(·|x)[log r

G
ik(z)],

in closed form for Gaussians, Ez∼N (m,diag s2)[log r
G
ik(z)] = −1

2

∑
l

[
log(2πs̄2ikl) +

(
s2l + (ml −

m̄ikl)
2
)
/s̄2ikl

]
, averaged over 8 weight draws, and the batch weights of Equation (16) are the

softmax of these scores (a uniform prior over environments). Summed over a batch drawn from one
environment, the difference of two scores is a log-likelihood ratio in code space, which is why a
batch of 100 inputs identifies the environment reliably. For the default decision on a single input, the
weight of environment i is instead 1

K

∑
k softmaxi logEz∼ek(·|x)[r

G
ik(z)], the ratio of the smoothed

code densities of the environments at x; the expectation is again a Gaussian integral. The average
runs over the hypotheses outside the softmax because densities in different hypotheses’ code spaces
cannot be compared.

A.7 EVALUATION

Predictions. Each vertex of the predictive credal set is estimated with 32 joint draws of weights and
codes. Methods with environment decoders decide by the credal minimax rule: the Bayes rule against
least-favorable weights over the mKJ environment–hypothesis vertices, fitted by mirror ascent on
4,096 unlabeled training inputs and conditioned on each input’s environment evidence in code space.
VIB and IB-IRM take the argmax of their predictive distribution, Ens-VIB of its members’ average,
and CBDL and VCIBmod decide by the same minimax rule over their pooled credal set.

Distortion and accuracy. D is the worst environment’s expected excess log-loss on the test split,
in bits. On the colored datasets it is computed under the exact labeling laws. WC-Acc is the lowest
accuracy of the default decision over the environments’ test splits, in expectation under the exact laws
on the colored datasets. RC-AUC is the area under the risk–coverage curve when the model abstains
in order of decreasing total uncertainty.

Detection. AUROCconflict scores EUinput on test inputs of classes 0–4 against inputs of classes 5–9;
AUROCmodel scores EUmodel on the under-trained test inputs against the rest; AUROCOOD scores
AU on the out-of-support inputs against the test inputs. Methods without the decomposition use
one score for both epistemic columns: VIB and IB-IRM the predictive entropy, Ens-VIB the mutual
information between label and member, CBDL and VCIBmod the entropy width of their credal set.

Deployment. Each environment’s test inputs are partitioned at random into disjoint unlabeled batches
of 100. Methods with environment decoders turn the code likelihoods of a batch into weights
over the environments (Equation (16)) and predict, for every input of the batch, the E-admissible
label with the largest lower probability over the collapsed credal set. Methods without environment
decoders receive bias-corrected temperature scaling fitted on the validation split, followed by label-
shift EM (Alexandari et al., 2020) on the environment’s entire test split, which gives them more
unlabeled data than a batch. WC-Accint is the lowest accuracy over environments after this step, and
WC-Regint = maxi[Acc⋆i −Acci] its largest gap to the environment’s Bayes accuracy Acc⋆i , both
in expectation under the exact laws.

A.8 STATISTICS AND COMPUTE

Seeds and tests. The colored results use 10 seeds; a seed fixes the data split, the labels and colors,
the initialization and the evaluation. Each method is compared with VCIB by an exact two-sided
Wilcoxon signed-rank test on seed-paired values (zero differences handled by Pratt’s method), with
Holm–Bonferroni correction within each dataset and metric at level 0.05. A value is bold when it is
the best mean or is not significantly different from it under the same test.

Compute. All runs used one NVIDIA GeForce RTX 5060 Ti with 16 GB of memory, with up to
eight colored runs in parallel. A colored run takes 1 to 10 minutes. The colored results rest on 1,140
runs: for each of the three datasets and its under-trained variant, 34 runs for each of the five methods
with a rate term (ten seeds at three values of β and four further values on seed 0) and ten for each
rate-free method.
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B ADDITIONAL RESULTS

Table 4: Label-free deployment on C-MNIST, the numbers behind Figure 2 (seed 0, β = 16): accuracy
before and after the model, deployed in one training environment, performs a test-time intervention.
Results reported over 2000 random batches of size N = 100 per environment; percentages are the
share of test images in each group. Ground truth: pooled Bayes rule, then the environment’s Bayes
rule. VCIB: decision on the full credal set (before), then on the set collapsed by the batch (after), as
in Equation (16); it identifies the environment in 97% of the batches. VIB: argmax, then calibrated
label-shift EM (Alexandari et al., 2020). On the digits 0–4, where the environments conflict, VCIB
achieves a relative gain of 21% (0.726 to 0.879), as much as switching to the true environment’s
Bayes rule. Label-shift EM leaves VIB unchanged: the environments share their label marginal and
differ only in how color maps to the label, and VIB’s pooled decoder ignores color on these digits.

Digits 0–4
conflict (51%)

Digits 5–9
color agrees (34%)

Digits 5–9
color disagrees (15%)

All test
images (100%)

Worst
environment

before after before after before after before after before after

Ground truth 0.742 0.898 0.964 0.964 0.750 0.750 0.818 0.898 0.816 0.897
VCIB 0.726 0.879 0.948 0.956 0.749 0.729 0.804 0.882 0.801 0.867
VIB 0.734 0.734 0.955 0.954 0.750 0.750 0.810 0.810 0.803 0.803

Label-free deployment. Table 4 details the test-time intervention behind Figure 2. The model is
deployed in one of the training environments without being told which, and receives its test inputs
in unlabeled batches of 100. The ground-truth row shows where an intervention can help at all:
knowing the environment changes nothing on the digits 5–9, on which the environments agree,
and raises the accuracy on the conflicting digits 0–4 from 0.742 to 0.898. VCIB recovers almost
all of this gain without labels or retraining. From the code likelihoods of a batch it identifies the
environment in 97% of the cases, collapses its credal set accordingly (Equation (16)), and raises its
accuracy on the conflicting digits from 0.726 to 0.879, a relative gain of 21%, matching the gain
of the true environment’s Bayes rule. Over all test images, its accuracy rises from 0.804 to 0.882,
and its worst-environment accuracy from 0.801 to 0.867, close to the known-environment ceiling of
0.897; the only cost is a small drop on the digits whose color disagrees with their label, which make
up 15% of the inputs.

Representative inputs. Figures 4 to 6 show, for each colored dataset, test images whose largest
uncertainty component is AU, EUinput or EUmodel, drawn at random among the clearly uncertain
ones (TU ≥ 0.5 bits) of the rare-class variant, in which classes 2 and 7 keep 2% of their training
images. EUinput consistently isolates the classes 0–4 on which the two environments prescribe
different labeling laws (93%, 80% and 97% of the images on C-MNIST, C-KMNIST and C-Fashion-
MNIST). On C-MNIST, every image dominated by EUmodel belongs to the thinned classes, i.e., the
model’s own uncertainty concentrates where training data were scarce. High-noise inputs, due to both
label noise and visual quality degradation, concentrate in the AU blocks and never appear among
the images dominated by EUmodel. This confirms that the disentanglement of AU and EU proposed
in Section 4.3 correctly identifies the source of the uncertainty in the data.

C PROOFS

In the following section, we provide formal proofs supporting the theorems introduced in the main
manuscript (Section 4), as well as additional theoretical results.

C.1 MEASURE-THEORETIC CONVENTIONS AND TECHNICAL BACKGROUND

Conventions and representations. Throughout, random variables take values in standard Borel
spaces. The mutual information I(U ;V ) is the Kullback–Leibler divergence between the joint
distribution of (U, V ) and the product of their marginals, taking values in [0,∞]. Standard properties,
including the chain rule I(U ;V,W ) = I(U ;V ) + I(U ;W | V ) and the data-processing inequality,
hold in this general setting (Gray, 2011). Conditional distributions are taken as regular conditional
probability measures.
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AU

EUinput

EUmodel

environments agree environments disagree high label noise

Figure 4: C-MNIST test images whose largest uncertainty component is AU, EUinput or EUmodel

(VCIB, β = 16; classes 2 and 7 thinned to 2%).
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AU

EUinput

EUmodel

environments agree environments disagree high label noise

Figure 5: As Figure 4, on C-KMNIST (β = 12).
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AU

EUinput

EUmodel

environments agree environments disagree high label noise

Figure 6: As Figure 4, on C-Fashion-MNIST (β = 16).
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For each environment i ∈ [m], we fix a measurable version of the Markov kernel pi(y | x) defined
µi-almost everywhere. The credal target T : X → ∆(Y)m, defined by T (x) = (p1(· | x), . . . , pm(· |
x)), is therefore measurable, where ∆(Y) ⊂ Rn denotes the probability simplex on the label set
Y (n = |Y|). Because the mixing weights satisfy λi > 0 for all i, every environment marginal is
absolutely continuous with respect to the mixture (µi ≪ µλ). Consequently, the Radon–Nikodym
derivatives ρλi (x) = λi (dµi/dµλ)(x) and the pooled target T̄λ(x) =

∑
i ρ

λ
i (x)pi(· | x) are well-

defined µλ-almost everywhere and measurable.

We write Iλ, Hλ, and Eλ for information-theoretic quantities evaluated under the mixture law
µλ(dx) pλ(y | x) e(dz | x). A random variable is discrete if its support is at most countable; H
denotes the Shannon entropy in bits. When T (X) is not discrete under µi, we adopt the convention
Hi(T (X))=∞. Because an infimum of the objective Fβ over general Markov kernels on continuous
spaces may not be attained, an encoder e is termed an ε-minimizer (or near-minimizer) if Fβ(e) ≤
infe′ Fβ(e

′)+ε for a given ε ≥ 0. Similarly, Ei denotes expectation under µi(dx) pi(y | x) e(dz | x),
and RP(D) = infe{R(e) :D(e)≤D} denotes the credal rate–distortion function, that is, the smallest
credal rate achieving credal distortion at most D.

Key information-theoretic identities. Our analysis relies on two fundamental identities:

(a) Conditional mutual information as expected divergence: Let G = g(X) for a measurable
mapping g, and let p(· | X) be a regular conditional distribution of Y given X . Defining the
intermediate predictor π(· | G) = E[p(· | X) | G], we have

I(X;Y | G) = E
[
H(π(· | G))

]
− E

[
H(p(· | X))

]
= E

[
DKL

(
p(· | X) ∥ π(· | G)

)]
. (23)

By the positivity of the KL divergence, I(X;Y | G) = 0 if and only if p(· | X) = π(· | G)
almost surely, that is, if and only if p(· | X) is σ(G)-measurable. Furthermore, by the chain rule,
I(X;Y ) = I(G;Y ) + I(X;Y | G).
Applying this identity to an encoder Z with Markov chain Y → X → Z, the environment
distortion simplifies to δi(e) = Ii(X;Y | Z). Hence, δi(e) = 0 if and only if pi(· | X) =
Pi(Y ∈ · | Z) almost surely under Pi, recovering the condition in Definition 1.

(b) Continuity of entropy: For any two distributions p, q ∈ ∆(Y) with total variation distance
dTV(p, q) ≤ ξ ≤ 1− 1

n , the entropy difference is bounded by (Audenaert, 2007; Zhang, 2007)

|H(p)−H(q)| ≤ ω(ξ) := ξ log2(n− 1) + h(ξ), (24)

where h(ξ)=−ξ log2ξ−(1−ξ) log2(1−ξ) is the binary entropy function, with limξ→0 ω(ξ)=0.

C.2 PROPERTIES OF THE CREDAL TARGET CODE

Lemma 5 (Sufficiency of the credal target). The deterministic encoder Z=T (X) is credally sufficient.
Moreover, whenever T (X) is discrete under µi, its rate is given by Ii(X;T (X))=Hi(T (X)).

Proof. Under each environment law Pi, the conditional distribution pi(· | X) = Ti(X) is a coordi-
nate projection of T (X), and hence is trivially σ(T (X))-measurable. Equation (23) with G = T (X)
implies that Ii(X;Y | T (X)) = 0, which yields δi = 0 and Ii(T (X);Y ) = Ii(X;Y ) for all
i ∈ [m]. If T (X) is discrete, determinism implies Hi(T (X) | X) = 0, giving Ii(X;T (X)) =
Hi(T (X))−Hi(T (X) | X) = Hi(T (X)).

Lemma 6 (Uniform quantization of the credal target). For any ξ ∈ (0, 1−1/n], there exists a
measurable partition Qξ : ∆(Y)m → {1, . . . , N(ξ)} with at most N(ξ) ≤ ⌈(n− 1)/ξ⌉m(n−1) cells
such that the quantized representation Z = Qξ(T (X)) satisfies

Ii(X;Z) ≤ log2 N(ξ) and δi(Z) ≤ ω(ξ) ∀i ∈ [m]. (25)

Consequently, RP(ω(ξ)) ≤ log2 N(ξ), and RP(D) < ∞ for every target distortion D > 0.

Proof. Fix ξ ∈ (0, 1− 1/n], set grid width η = ξ/(n− 1) and resolution V = ⌈1/η⌉. On each factor
simplex ∆(Y), partition points q using the coordinate-wise index vector (min{⌊qy/η⌋, V − 1})y<n.
Each resulting cell is formed by the intersection of the simplex with a hypercube of side length at
most η along the first n−1 coordinates; this set is convex, and any two distributions within its closure
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differ by at most η per coordinate. For the remaining coordinate y = n, the discrepancy is bounded
by (n− 1)η, yielding a total variation diameter of at most (n− 1)η = ξ.

Taking the Cartesian product of these partitions across all m environments yields a composite code
Qξ with cardinality N(ξ) ≤ V m(n−1). Under law Pi, the true target pi(· | X) = Ti(X) belongs
to the i-th marginal cell of Z. Because the closure of each cell is convex, the conditional mean
πi(· | Z) = Ei[pi(· | X) | Z] lies in the same cell, ensuring that dTV(pi(· | X), πi(· | Z)) ≤ ξ
almost surely. Applying Equation (23) alongside the continuity bound (Equation (24)) yields

δi(Z) = Ii(X;Y | Z) ≤ Ei

[∣∣H(πi(· | Z))−H(pi(· | X))
∣∣] ≤ ω(ξ). (26)

Because Z takes at most N(ξ) discrete values, Ii(X;Z) ≤ Hi(Z) ≤ log2 N(ξ) holds across all
environments. Since ω(ξ)→ 0 as ξ→ 0, any D> 0 strictly exceeds ω(ξ) for sufficiently small ξ,
guaranteeing RP(D)<∞.

C.3 CREDAL-SET RECOVERY

Proposition 7 (Credal-set recovery). For any encoder e and environment i∈ [m], let qi(z) = Pi(Y ∈
· | Z = z) denote the environment-specific Bayes decoder and p̂i(· | x) =

∫
qi(z) e(dz | x) the

expected readout. Then:

Ei

[
dTV

(
pi(· | X), p̂i(· | X)

)]
≤ Ei

[
dTV

(
pi(· | X), qi(Z)

)]
≤
√

ln 2
2 δi(e) ≤

√
ln 2
2 D(e). (27)

If, in addition, the likelihood ratios across environments i, l ∈ [m] are bounded by χ =
maxi,l ess sup(dµl/dµi)<∞, then under the Hausdorff distance dH induced by dTV,

Eµl

[
dH
(
Ĉe(X), C⋆(X)

)]
≤ χm

√
ln 2
2 D(e) , (28)

for every l ∈ [m]. For exact recovery, mutual absolute continuity of µ1, . . . , µm is sufficient, without
requiring bounded likelihood ratios. If D(e) = 0, then Ĉe(X) = C⋆(X) almost surely in every
environment.

Proof. Under the Markov chain Y → X → Z, we have Pi(Y ∈ · | X,Z) = pi(· | X). The
chain rule for mutual information expands the environment distortion as δi(e) = Ii(X;Y | Z) =

Ei

[
DKL(pi(· | X) ∥ qi(Z))

]
. Pinsker’s inequality dTV(p, q) ≤

√
ln 2
2 DKL(p∥q) combined with

Jensen’s inequality yields the second inequality in Equation (27). Since the conditional distribution
of Z given X = x is e(· | x), the readout satisfies p̂i(· | X) = Ei[qi(Z) | X]. The first inequality
then follows from the convexity of total variation in its second argument.

To establish Equation (28), define, for each i ∈ [m],

ξi(x) := dTV

(
pi(· | x), p̂i(· | x)

)
. (29)

For any weights α ∈ ∆m, convexity gives

dTV

(∑
i

αip̂i(· | x),
∑
i

αipi(· | x)

)
≤
∑
i

αiξi(x) ≤ max
i

ξi(x). (30)

Pairing mixtures with the same weights in both directions therefore yields

dH
(
Ĉe(x), C⋆(x)

)
≤ max

i∈[m]
ξi(x) ≤

m∑
i=1

ξi(x). (31)

Under the likelihood-ratio assumption, for every i, l ∈ [m],

Eµl
ξi(X) = Eµi

[
dµl

dµi
(X) ξi(X)

]
≤ χEµi

ξi(X). (32)
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Therefore,

Eµl
dH
(
Ĉe(X), C⋆(X)

)
≤

m∑
i=1

Eµl
ξi(X)

≤ χ

m∑
i=1

Eµiξi(X)

≤ χm

√
ln 2

2
D(e).

(33)

This proves Equation (28).

Finally, if D(e) = 0, then Equation (27) gives ξi(X) = 0 µi-almost surely for every i. Under
mutual absolute continuity, all these equalities hold simultaneously µj-almost surely for every j. The
pointwise Hausdorff bound then proves exact recovery.

C.4 THE POOLING FLOOR AND SEPARATION

Definition 8 (Pooled efficiency). An encoder e producing code Z with finite pooled rate Iλ(X;Z)<
∞ is pooled-efficient if no alternative encoder e′ producing code Z ′ satisfies both Iλ(X;Z ′) ≤
Iλ(X;Z) and Iλ(Z

′;Y )≥Iλ(Z;Y ) with at least one inequality strict.

Every minimizer of finite rate of the standard pooled objective Iλ(X;Z)−βIλ(Z;Y ) is pooled-
efficient for any β ≥ 0: for β > 0, any strictly dominating code would achieve a lower Lagrangian
value; for β = 0, any minimizer has Iλ(X;Z) = 0, forcing Iλ(Z;Y ) = 0 by the data-processing
inequality.

We denote the operational quantities of interest by:

Dpool
λ = max

i∈[m]
Ii
(
X;Y | T̄λ(X)

)
, RT = max

i∈[m]
Hi

(
T (X)

)
, Dmax = max

i∈[m]
Ii(X;Y ), (34)

representing the pooling distortion floor, the entropy rate of the credal target, and the distortion
incurred by a non-informative constant representation, respectively.
Lemma 9 (Invariance under pooled-target conditioning). Given an encoder e, let κ(· | t)=Pλ(Z∈
·| T̄λ(X)= t) and define the conditioned encoder ē(· |x)=κ(· | T̄λ(x)) with associated code Z̄. Then

Iλ(Z̄;Y ) = Iλ(Z;Y ), Iλ(X; Z̄) = Iλ(T̄λ(X);Z), (35)

and Iλ(X;Z) = Iλ(T̄λ(X);Z) + Iλ(X;Z | T̄λ(X)). (36)

Proof. Let G = T̄λ(X). For any measurable set B in code space and label y ∈ Y , noting that
pλ(y | X) = G(y) and Eλ[e(B | X) | G] = κ(B | G), we have

Pλ(Z ∈ B, Y = y) = Eλ

[
G(y) e(B | X)

]
= Eλ

[
G(y)κ(B | G)

]
= Pλ(Z̄ ∈ B, Y = y), (37)

which proves that (Z, Y ) and (Z̄, Y ) are identically distributed, establishing the first equality. An
identical calculation with an indicator 1{G ∈ C} shows that (G,Z) and (G, Z̄) share the same
law. Because Z̄ is conditionally independent of X given G by construction, the chain rule gives
Iλ(X; Z̄) = Iλ(X,G; Z̄) = Iλ(G; Z̄) = Iλ(G;Z). The final equation is the chain rule expansion
of Iλ(X;Z) through G.

Lemma 10 (Pooled efficiency of the pooled target). If T̄λ(X) is discrete with Hλ(T̄λ(X))<∞ and
can be embedded into the code space Z , then the deterministic encoder Z= T̄λ(X) is pooled-efficient.

Proof. Applying Equation (23) with G = T̄λ(X) shows that Z = T̄λ(X) achieves the maximum
possible mutual information Iλ(Z;Y ) = Iλ(X;Y ) at a finite rate Hλ(T̄λ(X)). Now suppose an al-
ternative encoder Z ′ achieves the same relevance: Iλ(Z ′;Y ) = Iλ(X;Y ). Expanding Iλ(X,Z ′;Y )
via the chain rule shows that Iλ(X;Y | Z ′) = 0, meaning pλ(· | X) = Pλ(Y ∈ · | Z ′) almost surely.
Thus T̄λ(X) is a deterministic function of Z ′ almost surely, implying Iλ(X;Z ′) ≥ Iλ(T̄λ(X);Z ′) =
Hλ(T̄λ(X)). No representation can attain full pooled relevance at a strictly smaller rate.

Theorem 11 (Full statement of Theorem 2). Let λi > 0 for all i ∈ [m].
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(a) Rate-independent distortion floor. Every pooled-efficient encoder e factors through the
pooled target: there exists a kernel κ such that e(· | x) = κ(· | T̄λ(x)) holds µλ-almost
everywhere. Consequently, for every environment i ∈ [m] and with πi(· | t) = Ei[pi(· |
X) | T̄λ(X) = t],

δi(e) ≥ Ii
(
X;Y | T̄λ(X)

)
= Ei DKL

(
pi(· | X) ∥ πi(· | T̄λ(X))

)
. (38)

In particular, D(e) ≥ Dpool
λ holds uniformly across all code rates and trade-off parameters

β ≥ 0. Furthermore, when T̄λ(X) is discrete with Hλ(T̄λ(X)) < ∞, the encoder Z =
T̄λ(X) attains this floor with equality in every environment.

(b) Strict positivity. The pooling floor satisfies Dpool
λ > 0 if and only if there exists at least one

environment i in which the true conditional distribution pi(· | X) is not µi-almost surely a
function of the pooled distribution T̄λ(X).

(c) Achievability and vanishing distortion under CIB. For any target distortion D > 0, the
credal rate is finite (RP(D) < ∞). Moreover, for any β > 0, ε ≥ 0, and resolution
ξ ∈ (0, 1− 1/n], every ε-minimizer e of Fβ satisfies

D(e) ≤ ω(ξ) +
log2 N(ξ) + ε

β
. (39)

Consequently for any family {eβ}β>0 such that eβ is an εβ-minimizer of Fβ with εβ = o(β),

lim
β→∞

D(eβ) = 0. (40)

In addition, if RT < ∞ and Dmax > 0, then RP(D) ≤ RT (1 − D/Dmax) for all
D ∈ [0, Dmax], with near-minimizers satisfying R(e) ≤ RT + ε and D(e) ≤ (RT + ε)/β.

(d) Strict separation between CIB and pooled representations. Suppose Dpool
λ > 0. Then no

pooled-efficient encoder can achieve a distortion below Dpool
λ , whereas RP(D) < ∞ for

all D ∈ (0,Dpool
λ ) (and at D = 0 whenever RT < ∞). In particular, for any parameter

β >
RT + ε

Dpool
λ

, (41)

every ε-minimizer e⋆ of Fβ achieves strictly smaller credal distortion than every pooled-
efficient representation: D(e⋆) < Dpool

λ ≤ D(e).

Proof. Part (a): Let e be a pooled-efficient encoder, and construct ē as in Lemma 9. Because ē
preserves the pooled relevance (Iλ(Z̄;Y ) = Iλ(Z;Y )) while reducing the rate by Iλ(X;Z | T̄λ(X)),
pooled efficiency dictates that Iλ(X;Z | T̄λ(X)) = 0. Thus, e(· | x) depends on x only through
T̄λ(x) for µλ-almost every x. Because µi ≪ µλ, this conditional factorization holds under every
environment i. Under law Pi, the code forms the Markov chain Y → X → T̄λ(X) → Z. By the
data-processing inequality, Ii(Z;Y ) ≤ Ii(T̄λ(X);Y ), which expands through Equation (23) to give

δi(e) = Ii(X;Y )− Ii(Z;Y ) ≥ Ii(X;Y )− Ii(T̄λ(X);Y ) = Ii(X;Y | T̄λ(X)). (42)

Taking the maximum over i ∈ [m] establishes D(e) ≥ Dpool
λ . When T̄λ(X) is discrete, Lemma 10

confirms that Z = T̄λ(X) achieves equality.

Part (b): This follows directly from the characterization in Equation (23), where Ii(X;Y | T̄λ(X)) =
0 if and only if pi(· | X) = Ei[pi(· | X) | T̄λ(X)] almost surely under µi.

Part (c): Finite rate RP(D) < ∞ follows from Lemma 6. Because both rate and distortion are
non-negative, the CIB objective provides the lower bound βD(e) ≤ Fβ(e). Evaluating Fβ on the
quantized code Qξ(T (X)) from Lemma 6 gives

βD(e) ≤ Fβ(Qξ) + ε ≤ log2 N(ξ) + βω(ξ) + ε, (43)

which proves Equation (39). For every fixed ξ > 0,

lim sup
β→∞

D(eβ) ≤ ω(ξ), (44)
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since εβ/β → 0. Letting ξ ↓ 0 and using ω(ξ) → 0 yields

lim
β→∞

D(eβ) = 0. (45)

When RT < ∞, let B ∼ Bernoulli(q) be independent of (X,Y ) under every environment, and
define

Zq =

{
T (X), B = 1,

†, B = 0,
(46)

where † is a distinguished erasure symbol outside the range of T . Then

R(Zq) = qRT , D(Zq) = (1− q)Dmax. (47)

Choosing q = 1−D/Dmax proves the linear rate–distortion upper bound. Evaluating Fβ directly
at T (X) gives Fβ(T ) = RT , which bounds near-minimizers by max{R(e), βD(e)} ≤ Fβ(e) ≤
RT + ε.

Part (d): Combining the lower bound D(e) ≥ Dpool
λ from Part (a) with the explicit distortion

bound for CIB minimizers in Part (c) immediately establishes the strict separation when β >

(RT + ε)/Dpool
λ .

Remark 12 (Scope and implications). (i) Independence of rate metric: Because the floor Dpool
λ

holds for any pooled-efficient code regardless of rate, the separation persists even if one
measures the pooled encoder with respect to alternative, environment-agnostic rates.

(ii) Geometric origins of the floor: The floor Dpool
λ is strictly positive if and only if, in at least one

environment i, pi(· | X) is not µi-almost surely a measurable function of T̄λ(X). This arises
naturally in classification tasks with discrete features, demographic shifts, or multi-source
sensor domains.

C.5 CONSEQUENCE FOR UNCERTAINTY QUANTIFICATION

Let C ⊂ ∆(Y) denote a closed, convex set of probability measures over labels. Following the
uncertainty disaggregation framework introduced by Abellán et al. (2006); Hüllermeier & Waegeman
(2021), total uncertainty, aleatoric uncertainty, and the resulting epistemic spread are given by:

H(C) = max
p∈C

H(p), H(C) = min
p∈C

H(p), W (C) = H(C)−H(C). (48)

When an ensemble of K hypotheses is deployed over m environments, the true credal set at input x is
C⋆(x) = conv{p1(· | x), . . . , pm(· | x)}, with corresponding true uncertainty components denoted
U⋆(x) ∈ {TU⋆(x),AU⋆(x),EU⋆(x)}.
Corollary 13 (Uncertainty estimation under pooled representations). Assume λi > 0 for every i, and
let {ek}Kk=1 be pooled-efficient encoders. For fixed decoders qik, define

p̂ik(y | x) =
∫

qik(y | z) ek(dz | x) (49)

Let U(X) be any bounded measurable function of these readouts. Then

Eλ

∣∣U(X)− U⋆(X)
∣∣ ≥ Eλ

∣∣U⋆(X)−medλ(U
⋆(X) | T̄λ(X))

∣∣. (50)

The right-hand side is strictly positive if and only if U⋆(X) is not µλ-almost surely a measurable
function of T̄λ(X).

If the input marginals are mutually absolutely continuous, a credally sufficient encoder with its
environment-specific Bayes readouts recovers the true credal set and therefore its uncertainty sum-
maries almost surely.

Proof. By Theorem 11(a), each encoder factors through T̄λ(X) almost surely. Every readout
p̂ik(· | X), and hence U(X), is therefore a measurable function of T̄λ(X). The conditional median
minimizes conditional expected absolute error, proving Equation (50). Its expected absolute deviation
is zero exactly when U⋆(X) is almost surely a measurable function of T̄λ(X). The final claim
follows from Proposition 7 using Bayes readouts and mutual absolute continuity.
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C.6 VARIATIONAL RELAXATION

Theorem 3 (Variational credal bound). For i ∈ [m] and k ∈ [K], define the variational rate R̂ik and
the average decoder cross-entropy L̄ik as

R̂ik := Eµi

[
DKL

(
ek(· | X) ∥ rik

)]
, L̄ik :=

1

J

J∑
j=1

EPi,ek

[
− log2 qij(Y | Z)

]
, (10)

and the resulting bracket as
b̂ik :=

R̂ik

β
+ L̄ik − Lref

i , (11)

where EPi,ek is the expectation over (X,Y )∼Pi and Z∼ek(· |X). If these quantities are finite, then

β b̂ik ≥ Iik(X;Z) + β δik(ek)− β εrefi , εrefi := Lref
i −Hi(Y | X), (12)

with equality if and only if rik equals the code marginal
∫
µi(dx) ek(· | x) and every qij(· | z) equals

the Bayes decoder of environment i under ek for almost every z.

Proof. For fixed (i, k, j), expanding the cross-entropy under Pik(x, y, z) = µi(x)pi(y | x)ek(z | x)
gives:

EPik
[− log2 qij(Y | Z)] = EPik

[− log2 pik(Y | Z)] + Epik(z)[DKL(pik(Y | z) ∥ qij(Y | z))]
(51)

= Hik(Y | Z) + Epik(z)[DKL(pik(Y | z) ∥ qij(Y | z))] . (52)

Subtracting Hi(Y | X) and using Hik(Y | Z)−Hi(Y | X) = δik(ek) gives:

L̄ik −Hi(Y | X) = δik(ek) +
1

J

J∑
j=1

Epik(z)[DKL(pik(Y | z) ∥ qij(Y | z))] ≥ δik(ek) . (53)

Substituting Lref
i = Hi(Y | X) + εrefi , multiplying by β, and adding the variational rate identity

R̂ik = Iik(X;Z) +DKL(pik ∥ rik) ≥ Iik(X;Z) yields the result. The gap in the stated inequality
is

DKL(pik ∥ rik) +
β

J

J∑
j=1

Epik(z)DKL

(
pik(· | z) ∥ qij(· | z)

)
. (54)

Under the finiteness assumptions, equality holds exactly when all these nonnegative terms vanish.

Proposition 14 (Environment-Specific Priors vs. Spurious Invariance). Let S ∼ λ ∈ ∆m be an
environment indicator, and let pλ(z) =

∑m
i=1 λipi(z) be the pooled representation marginal. For

any shared prior r on Z , the mixture rate bound decomposes as:
m∑
i=1

λi Eµi [DKL(e(· | X) ∥ r)] =

m∑
i=1

λiIi(X;Z) + Iλ(S;Z) +DKL(pλ ∥ r) . (55)

In particular,

max
i∈[m]

Eµi [DKL(e(· | X) ∥ r)] ≥ sup
λ∈∆m

[
m∑
i=1

λiIi(X;Z) + Iλ(S;Z)

]
. (56)

Proof. By the variational rate expansion applied to environment i,

Eµi
[DKL(e(· | X) ∥ r)] = Ii(X;Z) +DKL(pi ∥ r) . (57)

Weighting by λi and summing over i ∈ [m] yields:
m∑
i=1

λi Eµi
[DKL(e(· | X) ∥ r)] =

m∑
i=1

λiIi(X;Z) +

m∑
i=1

λiDKL(pi ∥ r) . (58)
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By the compensation identity for relative entropy against a mixture pλ =
∑

i λipi,
m∑
i=1

λiDKL(pi ∥ r) =

m∑
i=1

λiDKL(pi ∥ pλ) +DKL(pλ ∥ r) = Iλ(S;Z) +DKL(pλ ∥ r) , (59)

where Iλ(S;Z) =
∑

i λiDKL(pi ∥ pλ) is the mutual information between the environment index
S and the representation Z under the joint law P (S = i, Z ∈ dz) = λipi(z)dz. Set Ai =
Eµi [DKL(e(· | X) ∥ r)]. If maxi Ai = ∞, the claimed inequality is immediate. Otherwise, for
every λ ∈ ∆m,

max
i

Ai ≥
∑
i

λiAi

=
∑
i

λiIi(X;Z) + Iλ(S;Z) +DKL(pλ ∥ r)

≥
∑
i

λiIi(X;Z) + Iλ(S;Z).

(60)

The left-hand side does not depend on λ. Taking the supremum over ∆m proves the inequality.

Proposition 14 shows that adopting a single shared prior r = N (0, I) across environments, as
standard VIB does, implicitly penalizes Iλ(S;Z), driving representations from different environments
to overlap. While domain-invariant models enforce Iλ(S;Z) → 0, credal sufficiency (Definition 1)
does not require environment invariance; forcing it collapses distinguishing environment features into
apparent label noise. We therefore assign a separate, learnable Gaussian-mixture prior rik to each pair
(i, k), fitted on sampled latents z ∼ ek(· | x) via maximum likelihood, minimizing DKL(pik ∥ rik)
without the explicit shared-prior penalty Iλ(S;Z) in this decomposition.

Extension to the entire credal sets. For λ ∈ ∆m and an encoder e, define the objective under the
mixture Pλ and its worst case over the data credal set,

Fλ
β (e) := Iλ(X;Z) + β Iλ(X;Y | Z), FP

β (e) := sup
λ∈∆m

Fλ
β (e), (61)

where Iλ is mutual information under Pλ(dx, y) e(dz | x). With 1i the i-th standard basis vector,
P1i = Pi and F 1i

β (e) = Ii(X;Z)+ β δi(e), so FP
β ≥ Fβ . Every posterior

∑
k αkQk with α ∈ ∆K

in the model credal set induces the encoder eα =
∑

k αkek. To bound Fλ
β (eα) with the trained

priors and decoders, let r̄l = 1
K

∑K
k=1 rlk and q̄l =

1
J

∑J
j=1 qlj , and define

rλk =

m∑
l=1

λlrlk, πλ
l (z) =

λlr̄l(z)∑m
l′=1 λl′ r̄l′(z)

, qλ(y | z) =
m∑
l=1

πλ
l (z) q̄l(y | z), (62)

with πλ
l (z) := λl where the denominator vanishes. Here rλk is the code prior of head k under Pλ,

πλ
l (z) is the posterior probability of environment l given code z implied by the priors, and qλ is the

corresponding mixture decoder. The mixture bracket of head k is

b̂λk :=

m∑
i=1

λi

(
1
β Eµi

[
DKL

(
ek(· | X) ∥ rλk

)]
+ EPi,ek

[
− log2 q

λ(Y | Z)
]
− Lref

i

)
. (63)

Proposition 15 (Variational bounds over the model and data credal sets). Let the priors rik have
densities with respect to a common reference measure on Z (Lebesgue measure for Gaussian codes),
assume that all brackets and Lref

i are finite, and let εrefmax := maxi∈[m] ε
ref
i . Then:

(i) for every α ∈ ∆K and λ ∈ ∆m, Fλ
β (eα) ≤ β

∑K
k=1 αk b̂

λ
k + β

∑m
i=1 λiε

ref
i ;

(ii) b̂1i

k ≤ b̂ik for every i ∈ [m] and k ∈ [K];

(iii) the objective of Equation (13) bounds the worst case over the model credal set,

sup
α∈∆K

Fβ(eα) ≤ β

K∑
k=1

max
i∈[m]

b̂ik +Kβ εrefmax, (64)
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and the worst case over both credal sets satisfies

sup
α∈∆K

FP
β (eα) ≤ β

K∑
k=1

sup
λ∈∆m

b̂λk +Kβ εrefmax. (65)

Proof. Introduce an environment index S with P (S = i) = λi, X | S = i ∼ µi, Y | (X,S = i) ∼
pi(· | X) and Z | X ∼ eα(· | X), so that (X,Y, Z) has law Pλ(dx, y) eα(dz | x).
Rate. For any probability density r on Z , Eµλ

[DKL(eα(· | X) ∥ r)] = Iλ(X;Z) + DKL(pλ ∥ r),
where pλ is the code marginal. Choosing r =

∑
k αkr

λ
k and using joint convexity of the Kullback–

Leibler divergence gives Iλ(X;Z) ≤
∑

k αk

∑
i λi Eµi

[DKL(ek(· | X) ∥ rλk )].
Distortion. Since Y is finite and Y → X → Z under Pλ, Iλ(X;Y | Z) = Hλ(Y | Z)−Hλ(Y | X).
The cross-entropy of any decoder upper-bounds the conditional entropy, and qλ does not depend on
k, so Hλ(Y | Z) ≤

∑
k αk

∑
i λi EPi,ek [− log2 q

λ(Y | Z)]. Conditioning on S does not increase
entropy, hence Hλ(Y | X) ≥ Hλ(Y | X,S) =

∑
i λi

(
Lref
i − εrefi

)
. Adding the rate bound to β

times the distortion bound proves (i).

Generators. At λ = 1i, r1i

k = rik. Finiteness of R̂ik implies ek(· | x) ≪ rik ≤ Kr̄i, so q1i = q̄i
almost surely, and convexity of − log2 gives − log2 q̄i ≤ 1

J

∑
j(− log2 qij), which proves (ii).

Suprema. By (i) with λ = 1i and (ii), F 1i

β (eα) ≤ βmaxk b̂ik+β εrefi , hence Fβ(eα) ≤ βmaxk sk+

β εrefmax with sk := maxi b̂ik. Applying (i) with α = 1k, λ = 1i and F 1i

β ≥ 0 gives b̂ik ≥ −εrefi , so
sk + εrefmax ≥ 0 for every k and therefore maxk sk ≤

∑
k sk + (K − 1) εrefmax. This proves the first

inequality in (iii). The second follows in the same way from (i), with sk :=supλb̂
λ
k ≥ b̂1i

k ≥−εrefi .

The objective of Equation (13) minimizes the right-hand side of the first inequality in (iii), so it
controls the worst case over the model credal set and over the generators of P . It does not minimize
the right-hand side of Equation (65), which instead provides a bound over the entire data credal set
that can be evaluated on a trained model. The mixture decoder uses the head-averaged priors r̄l so
that it does not depend on the encoder head; this makes the cross-entropy linear in α.

D THE COLORED-MNIST DATASET AND UNCERTAINTY MAP

This section describes how Colored-MNIST is built, how its two environments are constructed, why
the true uncertainty of every image is known exactly, and how the uncertainty map of Figure 2 is
computed for the ground truth.

Construction. Colored-MNIST follows Arjovsky et al. (2019): every MNIST digit is turned into a
binary classification example in which both the shape of the digit and its color predict the label, with
a reliability that depends on the environment. For an image of digit d ∈ {0, . . . , 9}, three variables
are sampled in turn:

1. the shape label is s = 1{d < 5}, a deterministic function of the digit;
2. the label Y equals s with probability 0.75 and 1 − s otherwise, so the shape predicts the label

with 25% label noise in every environment;
3. the color c ∈ {0, 1} equals Y with probability ai(d), and 1 − Y otherwise, where ai(d) is the

color agreement of environment i ∈ [m].

The 28 × 28 grayscale image is sub-sampled to 14 × 14 (every other row and column), scaled to
[0, 1] and written into channel c of a two-channel image whose other channel is zero; we draw
channel 0 red and channel 1 green. The color is thus a feature that is generated from the label, as
in the spurious-correlation benchmarks, but here it does not merely become less reliable in some
environments: its relation to the label is reversed on part of the input space.

Environment characterization. The environments differ only in their color agreement:

a1(d) = 0.9 for every d, a2(d) =

{
0.9, d ≥ 5,

0.1, d < 5.
(66)
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In environment 1 the color agrees with the label 90% of the time on every digit. In environment 2 it
does so on digits 5–9 and is reversed on digits 0–4, where it agrees with the label only 10% of the
time. The two environments therefore label digits 5–9 by the same law and disagree on digits 0–4,
where a color that points one way in environment 1 points the other way in environment 2. Because
the image reveals its digit d and its color c, Bayes’ rule gives the labeling law of each environment in
closed form,

pi(Y = s | x) =


0.75 a

0.75 a+ 0.25(1− a)
, c = s,

0.75(1− a)

0.75(1− a) + 0.25 a
, c ̸= s,

a = ai(d), (67)

which is 0.964 or 0.250 for a = 0.9 and the reverse for a = 0.1. The color agrees with the shape
label with probability 0.75a+ 0.25(1− a), i.e. 0.7 for a = 0.9 and 0.3 for a = 0.1. Table 5 lists the
four kinds of input that this produces. A predictor that ignores color and predicts the shape label is
right 75% of the time in both environments, while a predictor that uses color can reach 90% in either
environment alone, but only if it knows which one it is in. The conditional entropy is

Hi(Y | X) = 0.7h(0.964) + 0.3h(0.25) ≈ 0.399 , (68)

where h(·) is the binary entropy function introduced in Equation (24). This corresponds to the floor
Lref
i of the objective. The closed form assumes that the digit can be read off the image; where it

cannot (e.g., due to degradation of the image), the true conditional entropy can only increase due to
the AU induced by the degradation. Thus the given floor is a conservative lower bound.

Table 5: The four kinds of Colored-MNIST input: their frequency within the digit group and the
probability that the label equals the shape label, in each environment.

Environment 1 Environment 2

Digits Color frequency p1(Y = s | x) frequency p2(Y = s | x)
5–9 c = s 0.7 0.964 0.7 0.964
5–9 c ̸= s 0.3 0.25 0.3 0.25
0–4 c = s 0.7 0.964 0.3 0.25
0–4 c ̸= s 0.3 0.25 0.7 0.964

Splits. The 60,000 official MNIST training images are split at random, disjointly and equally,
between the two environments (30,000 each), and each half is colored by its environment’s rule;
20% of each environment’s training data (6,000 images) is held out as a validation split, used only
for early stopping and for calibrating the label-shift baseline. The 10,000 official test images are
split and colored the same way (5,000 per environment). The labels and colors are sampled once
per seed. During training only, each image is translated at random by up to 2 pixels (zero padding,
both channels together); the labeling laws depend only on the digit and the color, which translation
preserves, so the environments are unchanged.

Layout. Every panel of the map shows the same 10,000 test images, the 5,000 of each environment
together, each at the same position; nothing is subsampled or selected. The positions come from a
two-dimensional embedding of the raw pixels: each image is flattened into its 2× 14× 14 = 392
pixel values, centered, and projected onto its leading 50 principal components, and t-SNE (van der
Maaten & Hinton, 2008) with perplexity 40, initialized by PCA and seeded, embeds these in the
plane. The layout sees only pixels: no label, environment or model output enters it, so it cannot favor
one method. We use t-SNE because the map is meant to show where in the input space each kind
of uncertainty occurs, and in Colored-MNIST where is determined by the digit and the color: all
four quantities of Table 5, and hence the true uncertainty, are functions of (d, c). t-SNE preserves
neighborhoods, so images of the same digit and color form one compact island, and each kind of
input becomes a set of islands that can be read at a glance. Because a red and a green copy of the same
digit share no nonzero pixel, every digit splits into two islands, one per color. A linear projection
such as PCA alone preserves global variance instead, and overlaps the digits. As usual with t-SNE,
only the grouping is meaningful; distances between islands and their sizes are not.

Ground truth. Since both environments’ labeling laws are known in closed form, we evaluate
p1(· | x) and p2(· | x) at every test image, whichever environment it was drawn in. The true credal set
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at x is C⋆(x)=conv({p1(· | x), p2(· | x)}), and the ground-truth panel reads it out by Definition 4
with the true laws as vertices: TU⋆(x) is the largest entropy over C⋆(x), which for two labels
is 1 bit if the interval of p(Y = 1 | x) contains 1

2 and the larger endpoint entropy otherwise;
AU⋆(x) = mini h(pi(· | x)), attained at a vertex by concavity; EU⋆

input(x) = TU⋆(x)− AU⋆(x);
and EU⋆

model(x) = 0, since the laws are known and there is no model hypothesis to be uncertain
about. By Table 5, the test images fall into three groups:

• digits 5–9 whose color agrees with the shape label: p1 = p2 with p(Y = s | x) = 0.964, so
AU⋆ = h(0.964) = 0.22 bits and EU⋆

input = 0;

• digits 5–9 whose color disagrees: p1 = p2 with p(Y = s | x) = 0.250, so AU⋆ = h(0.25) = 0.81
bits and EU⋆

input = 0; this label noise cannot be reduced, even with the environment known;

• digits 0–4 of either color: the two environments assign p(Y = s | x) = 0.964 and 0.250, in an
order that depends on the color, so C⋆(x) = [0.250, 0.964] contains 1

2 , TU⋆ = 1 bit, AU⋆ = 0.22
bits and EU⋆

input = 0.78 bits.

In the deployment panel, the ground truth’s default decision is the pooled Bayes rule ŷ(x) =
argmaxy

1
2

∑
i pi(y | x), which is the best environment-agnostic rule here up to randomization

(worst-environment expected accuracy 0.816 against 0.817, the best environment-agnostic accuracy
on the test split). After deployment in environment i it switches to that environment’s Bayes rule
y⋆i (x) = argmaxy pi(y | x). This gains +0.25 in expected accuracy on every image of digits 0–4
(nothing in the environment whose rule the pooled rule already follows, 0.75 − 0.25 = 0.5 in the
other) and nothing on digits 5–9, where the environments agree. The worst-environment expected
accuracy thus rises from 0.816 to 0.897, the known-environment ceiling of the test split.

Uncertainty panels (left). For VCIB, the predictive vertices p̂iℓ(y | x) = Ez∼ek(·|x)qij(y | z),
with i ∈ {1, 2} and ℓ = (k, j) over (K,J) = (5, 3), are estimated at every test image by averaging
32 joint draws of the network weights and the code, and decomposed by Equation (15) into TU,
AU, EUinput and EUmodel. VIB has a single predictive distribution, whose entropy is its only
uncertainty score (Section 5); we draw it as AU, which is the residual it would receive under the
decomposition. Each image is colored by mixing the colors of AU (blue), EUinput (red) and EUmodel

(purple) in proportion to their shares of the total, then blending with white so that the color strength
is 0.12 + 0.88 ·min{TU(x), 1}; the floor keeps low-uncertainty images visible, and TU ≤ 1 bit for
two labels. The images are drawn in random order, so that neither environment covers the other.

Deployment panels (right). Each image is shaded by its expected change in accuracy from the
default decision to deployment without labels, averaged over the two environments it may be deployed
in,

g(x) =
1

m

m∑
i=1

[
EB pi

(
ŷB(x) | x

)
− pi

(
ŷ(x) | x

)]
, (69)

where accuracies are expectations under the true law pi(· | x) rather than realized labels, ŷ is the
method’s default decision (the credal minimax rule with code-space environment weights for VCIB,
the arg max for VIB; Appendix A.7) and ŷB its decision after observing an unlabeled batch B
drawn in environment i. For VCIB, B is a random batch of 100 test images of environment i (2,000
batches per environment). Its posterior πB over environments is the softmax of the summed code
log-likelihoods under the moment-matched Gaussian priors rGik (Appendix A.6); the credal set at x
collapses to {

∑
i′ πB(i

′)qi′ : qi′ ∈ Ĉi′(x)}, and x is assigned the E-admissible label with the largest
lower probability over it (Troffaes, 2007); the expectation over B runs over these random batches.
This is the protocol of WC-Accint (Appendix A.7), taken in expectation over batches where the
metric partitions the test set once, so that each image receives a smooth expected gain rather than the
outcome of one partition. VIB, which cannot infer the environment, receives the label-free adaptation
of the metric: bias-corrected temperature scaling fitted on the pooled validation split, the class prior
of environment i estimated by EM on its whole unlabeled test sample, and the calibrated predictive
reweighted by the ratio of that prior to the training class prior; this decision does not depend on a
batch. Gains are drawn on a diverging scale from −0.25 (red) through 0 (gray) to +0.25 (green), the
ground truth’s gain on a conflicting image, with the largest gains in absolute value drawn on top.
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