
Credal Rate–Distortion Theory
Nicolò Bonacorsi∗, Michele Caprio†, Francesca Meneghello‡, Francesco Restuccia‡

∗ Columbia University, † University of Manchester, ‡ Northeastern University
E-mails: nb3328@columbia.edu, michele.caprio@manchester.ac.uk, {fr.meneghello, f.restuccia}@northeastern.edu

Abstract—THIS PAPER IS ELIGIBLE FOR THE STUDENT
PAPER AWARD. Traditional rate–distortion theory compresses
inputs described by a single probability distribution. In this
paper, we propose a new compression framework for robust
inference where the uncertainty attached to an input is captured
by considering a set of plausible likelihoods for the downstream
task, i.e., a credal set. Existing distances between credal sets
compare uncertainty models, but they do not specify the dis-
tortion induced when several inputs are merged and the decoder
receives only one aggregate credal set for the whole cell. To fill this
gap, we introduce a directed free-energy replacement distortion
that measures the worst-case downstream cost of compression.
We show that zero directed distortion occurs exactly when the
replacement does not enlarge the set of plausible likelihoods.
We show that the one-shot problem is exactly graph coloring,
i.e., two inputs can be merged precisely when their credal
likelihoods are compatible under the distortion constraint, and
the minimum number of codewords is the chromatic number of
the associated incompatibility graph. For product credal families
and coordinate tests, block admissibility is coordinatewise and
the block incompatibility graph is the OR power of the one-
shot graph. The corresponding asymptotic local prefix rate is
Körner graph entropy. Thus, once the credal tolerance is fixed,
the compression rule is certified by the incompatibility graph,
without reducing each credal set to a point prediction. On
predictive credal sets built from the SVHN image-classification
dataset, exact credal coloring compresses 60 inputs into 14
codewords (with a 4.286 compression ratio) while a barycenter
baseline with the same number of codewords merges inputs that
are credally incompatible 18.6% of the time.

I. INTRODUCTION

Traditional information theory starts from precise stochastic
models of source law, channel law and distortion criterion [12],
[14], [15]. This is acceptable when the uncertainty in the
model is only aleatoric, i.e., when randomness is described
by a single probability distribution. In many robust infer-
ence problems, however, the uncertainty is also epistemic;
for example, a sensor may be poorly calibrated, a classifier
may be trained under label ambiguity, or a data-reduction
system may be deployed under model misspecification. In
these cases, the object attached to an input is not a single
downstream likelihood, but a family of plausible likelihoods.
Mathematically, this family can be represented by a credal
set, which is a nonempty closed convex set of probability
distributions [3], [4]. Hence, under epistemic uncertainty, there
are multiple distributions to compress. This breaks the tradi-
tional information theory framework and requires redefining
the underlying theory leveraging imprecise probability.

Motivated by this aggregation problem, we study the rate-
distortion problem in the credal setting. Our credal compressor
replaces the individual credal sets of several inputs by one
shared compressed credal set. The inputs sharing this descrip-
tion form a compression cell, whose aggregate credal set is

determined by a replacement rule. As such, the replacement
should be designed so that the plausible likelihood families
associated with inputs in the cell are safely represented by the
common aggregate, i.e., the common aggregate guarantees low
distortion. Hence, while in traditional rate–distortion theory
the distortion measures the cost of reconstructing one object
by another [13], [16], in our credal rate–distortion theory the
loss metric is associated with the propagation of the epistemic
uncertainty over the compression and should measure the re-
sulting increase in downstream uncertainty. The key challenge
in formulating such credal distortion metric is that credal
replacement is not symmetric. The aggregate must contain the
plausible laws from all inputs in the cell, while minimizing
the increase in the worst-case downstream score. As such, we
introduce a directed replacement distortion that measures this
increase and allows identifying cells for safe compression.

Fig. 1. Point-based VS credal merging. Point-based merging uses only
representative points of the likelihood (c1, c2), whereas credal merging acts
on the full sets and assigns an aggregate set Kz = co(K1 ∪K2).

Existing work provides important tools for designing a
safe replacement rule. Divergences and distances between
credal sets compare uncertainty models [5], [6], while robust
free-energy and entropic-risk representations give variational
tools for model ambiguity [7]. Zero-error information theory
shows that exact compatibility constraints can lead to graph
coloring and graph entropy [8], [9]. However, existing work
does not determine the distortion induced when several credal
likelihoods in a cell are replaced by the single aggregate set
available to the decoder. To fill this gap, our new theory
provides guarantees on the epistemic uncertainty associated
with compressed information that are not available in classical
rate–distortion theory. Our replacement theory is based on the
free-energy principle (detailed in Section III) and provides a
one-shot graph coloring formulation for compression (Sec-
tion IV). Our results in Section VII, obtained on predictive
credal sets from SVHN, show that exact credal coloring can
compress N = 60 credal likelihoods to 14 codewords with a
compression ratio of 4.286, while a barycenter baseline with
the same number of codewords has a credal violation rate of
18.6%, i.e., 18.6% of its within-cluster pairs are incompatible
under the credal replacement criterion.



II. PROBLEM DESCRIPTION

We consider a finite input alphabet X and a finite down-
stream task alphabet Y . Each input x ∈ X denotes the
observed object to be compressed, for example a sensor
reading, an image, or a feature vector, while y ∈ Y denotes
the quantity relevant for a downstream task, for example a
class label or a state of the environment. In a sharply specified
model, each input x would determine a single conditional
distribution on Y . Instead, in this paper, the downstream law
attached to x is a credal set Kx ⊆ ∆(Y), where ∆(Y) is
the probability simplex on Y . Thus Kx is the set of plausible
conditional laws for Y given x.

A compressor maps the original input to a lower-complexity
description in a finite alphabet Z . We write this deterministic
map as e : X → Z , where z = e(x) is the extracted feature,
compressed symbol, or codeword. We define a cell e−1(z) as
the set of all inputs mapped to the same z, i.e., e−1(z) = {x ∈
X : e(x) = z}. Inputs in the same cell are indistinguishable
after compression.

The decoder must then assign one uncertainty description
to the whole cell. Since the cell may contain several different
credal likelihoods, the natural aggregate is the convex hull of
all credal sets in that cell:

Kz = co

 ⋃
x∈e−1(z)

Kx

 , (1)

where co(A) denotes the convex hull of A. Thus Kz is
the smallest credal set containing all credal sets in the cell,
and represents the uncertainty left after the compressor has
forgotten which x was observed.

The resulting admissibility question is whether this ag-
gregate can stand in for the individual credal sets in the
cell. A pointwise reconstruction criterion would compare a
representative distribution, such as a barycenter, with the
original conditional law. That is not sufficient here, because
the whole credal family should be preserved. Therefore, we
test whether replacing each Kx by the aggregate Kz increases
a downstream score by more than a tolerance. In the next sec-
tion, we formalize the geometry of this replacement relation.

III. FREE-ENERGY REPLACEMENT GEOMETRY

Let K ⊆ ∆(Y) be a compact convex credal set and K(Y)
denote the family of nonempty compact convex subsets of
∆(Y).

For a positive test function g : Y → (0,∞) and a credal
set K ∈ K(Y), we define the support envelope, or upper
expectation of g over K, by

SK(g) := sup
p∈K

∑
y∈Y

p(y)g(y). (2)

Let f : Y → R be a bounded downstream score. For example,
f(y) may encode the utility, loss, or log-weight assigned to
outcome y. We define the free-energy envelope as

ΨK(f) := logSK(ef ) = sup
p∈K

log
∑
y∈Y

p(y)ef(y). (3)

Therefore, ΨK is the logarithm of an upper expectation over
the credal set K and the supremum defines the upper robust
free-energy envelope over the plausible laws in K. When f is
interpreted as a loss or cost, this is the worst-case exponential
free-energy value. In this work, we restrict our analysis to the
normalized test class

F := {f : Y → R : min f = 0, max f ≤ 1}, (4)

where the constraints min f = 0 and max f ≤ 1 remove
irrelevant additive constants and fix the scale of comparison.

Importantly, the logarithm in Equation (3) converts the
multiplicative support identity for independent products into
additivity of free energy. To see this, define the independent
product of two credal sets as

K1 ⊗K2 := co ({p1 ⊗ p2 : p1 ∈ K1, p2 ∈ K2}) . (5)

By defining (g1 ⊗ g2)(y1, y2) := g1(y1)g2(y2) and (f1 ⊕
f2)(y1, y2) := f1(y1) + f2(y2), we have

SK1⊗K2
(g1 ⊗ g2) = SK1

(g1)SK2
(g2). (6)

Consequently, for additive scores,

ΨK1⊗K2(f1 ⊕ f2) = ΨK1(f1) + ΨK2(f2). (7)

Now, for two credal sets K,L ⊆ ∆(Y), we define the
directed credal replacement distortion as

d+(K,L) := sup
f∈F

{ΨL(f)−ΨK(f)}, (8)

which measures the largest normalized increase in robust free
energy caused by using L instead of K. Its symmetrization is

d(K,L) := max{d+(K,L), d+(L,K)}. (9)

So, a cell C = e−1(z) is called ε-admissible if

d+(Kx,Kz) ≤ ε, for every x ∈ C, (10)

and an encoder is called ε-faithful if all of its cells are ε-
admissible. The aggregate description assigned to a codeword
can safely replace the individual credal sets in that cell
only up to tolerance ε. The compression problem reduces
to a replacement question: when can the aggregate credal
set Kz stand in for each original credal set Kx without
increasing robust downstream free energy by more than ε?
As a first structural step, we identify the zero-distortion case.
The following theorem shows that directed zero distortion is
exactly reverse inclusion.

Theorem 1 (Inclusion zero set and metricity): For all K,L ∈
K(Y),

d+(K,L) = 0 ⇐⇒ L ⊆ K. (11)

Consequently, d is a metric on K(Y).
Proof sketch: If L ⊆ K, then ΨL(f) ≤ ΨK(f) for every
f ∈ F , so d+(K,L) = 0. Conversely, let q0 ∈ L\K. Since K
is compact and convex in a finite-dimensional simplex, strong
separation gives a function h : Y → R and η > 0 such that
⟨q0, h⟩ ≥ supp∈K⟨p, h⟩+ η.



After shifting h by its minimum and rescaling, choose g =
1 + α(h − minh) so that 1 ≤ g ≤ e and the separation
is preserved. Setting f = log g gives f ∈ F and SL(g) >
SK(g), hence ΨL(f) > ΨK(f). Therefore d+(K,L) > 0.
The triangle inequality follows by decomposing ΨM −ΨK =
(ΨM − ΨL) + (ΨL − ΨK) and taking suprema over f ∈ F ;
definiteness follows from the two directed inclusions. □

IV. EXACT ONE-SHOT AGGREGATION AND COLORING

We now show that the admissibility criterion in Equa-
tion (10) is exactly a graph-coloring constraint. The key is that
the convex-hull aggregate of a cell has a free-energy envelope
equal to the maximum of the envelopes of its members.

Let K1, . . . ,Km ∈ K(Y) and set K∗ := co (
⋃m

i=1 Ki).
Since a linear functional attains the same supremum over a
union and over its convex hull, we have

ΨK∗(f) = max
1≤i≤m

ΨKi
(f). (12)

For a nonempty cluster C ⊆ X , define its aggregate credal set
by KC := co(∪x∈CKx) and define the worst replacement cost
inside the cluster as ∆(C) := supx∈C d+(Kx,KC). Using
Equation (12), this cost has the exact pairwise form

∆(C) = max
x,x′∈C

d+(Kx,Kx′), (13)

where the maximum is over ordered pairs. A cluster is ε-
admissible if and only if every pair of inputs in the cluster
has symmetric credal distance at most ε:

∆(C) ≤ ε ⇐⇒ d(Kx,Kx′) ≤ ε for all x, x′ ∈ C.

This pairwise characterization defines a graph. Two inputs are
ε-compatible if they can safely share an ε-admissible compres-
sion cell, equivalently if d(Kx,Kx′) ≤ ε. Let Gε = (X , Eε)
be the incompatibility graph with vertex set X . Its edge set
Eε consists of the unordered pairs of inputs whose credal sets
cannot be placed in the same ε-admissible cell:

{x, x′} ∈ Eε ⇐⇒ d(Kx,Kx′) > ε, x ̸= x′. (14)

Thus, an edge means incompatibility and a subset of vertices is
independent if it contains no edge. Therefore, the ε-admissible
compression cells are exactly the independent sets of Gε.

Let M∗(ε) be the minimum number of codewords used
by a deterministic encoder e : X → Z whose fibers are ε-
admissible. Equivalently, M∗(ε) is the smallest number of
admissible cells needed to partition X . Let χ(Gε) denote the
chromatic number of Gε, namely the smallest number of colors
needed to color the vertices so that adjacent vertices have
different colors. A coloring is a map φ : X → C, where C
is a finite set of colors (codewords). It is proper for Gε if
φ(x) ̸= φ(x′) whenever {x, x′} ∈ Eε [8], [9].

A randomized encoder is a stochastic kernel Q(·|x) on a
finite set of codewords. Its support fiber at codeword z is {x ∈
X : Q(z|x) > 0}. A randomized encoder is ε-faithful in the
support sense if every support fiber is ε-admissible.

Theorem 2 (One-shot coloring law): For every ε ∈ [0, 1],

M∗(ε) = χ(Gε). (15)

If X ∼ π, then the minimum output entropy over deterministic
ε-faithful encoders is the chromatic entropy of the probabilistic
graph (Gε, π), i.e.,

Hχ(Gε, π) = min
φ proper for Gε

H(φ(X)), (16)

where H is Shannon entropy in bits. Support randomization
does not reduce either the fixed-length or the entropy objective.
Proof sketch: By Equation (13), every ε-faithful encoder has ε-
admissible fibers, hence each fiber is an independent set in Gε.
The encoder therefore defines a proper coloring of Gε. Con-
versely, every proper coloring has independent color classes,
and these color classes are ε-admissible by the definition of
Gε. This proves Equation (15). Equation (16) follows from
the same equivalence, with the output entropy equal to the
entropy of the color assigned to X . This is the minimum-
entropy coloring problem [11]. For support randomization,
every emitted codeword has an independent support fiber.
Choosing one supported codeword for each input gives a
deterministic encoder using no more support symbols, so
randomization cannot reduce the fixed-length objective. For
the entropy objective, fixing the support pattern gives a convex
polytope of stochastic encoders, and the output entropy is
concave in the encoder. Hence its minimum is attained at an
extreme point, which is deterministic row by row. □

A. Computed Example and Robust Decision

For binary intervals I[a, b] = {p ∈ ∆({0, 1}) : p(1) ∈
[a, b]}, every normalized test has one of the two forms (0, t)
or (t, 0) with 0 ≤ t ≤ 1, and each positive contribution to the
supremum is attained at t = 1. Therefore

d+(I[a, b], I[c, d]) = max

{
0, log

1 + d(e− 1)

1 + b(e− 1)
,

log
1 + (1− c)(e− 1)

1 + (1− a)(e− 1)

}
.

(17)

For K1 = I[0.90, 1], K2 = I[0.65, 0.85], K3 = I[0.40, 0.60],
K4=I[0.15, 0.35],K5=I[0, 0.10], the incompatibility graphs
at ε=0.40 and ε=0.55 are shown in Figure 2.

Fig. 2. Incompatibility graphs for the five-set interval family at ε = 0.40
(left) and ε = 0.55 (right). Edges indicate pairs with d(Ki,Kj) > ε; the
displayed colorings are optimal.

At ε = 0.40, the optimal coloring is {K1,K2}, {K3},
{K4,K5}, so χ(Gε) = 3. At ε = 0.55, the admissible clusters
enlarge to {K1,K2,K3} and {K4,K5}, so χ(Gε) = 2. The
transition occurs exactly when ε crosses one of the pairwise
symmetric replacement distances.



The same calculation gives a robust-classification example.
Interpret Y = 1 as the ‘cat’ label and Y = 0 as the ‘dog’ label.
Let a be a clear cat state, c a clear dog state, and b an ambigu-
ous cat-like state, modeled by Ka = I[1, 1], Kb = I[0.3, 0.8],
Kc = I[0, 0]. Then d(Ka,Kb)≃ 0.7897, d(Kb,Kc)≃ 0.8648,
and d(Ka,Kc) = 1. For ε ∈ [0.7897, 0.8648), the exact
coloring law forces the two-cell partition {a, b} | {c}. Under
a uniform prior, assign one decision to each cell and evaluate
the worst-case 0–1 loss over the original credal set attached
to each input. For the partition {a, b} | {c}, the mixed cell
{a, b} has aggregate interval I[0.3, 1], so the cell decision
is cat. The resulting worst-case errors are 0 on a, 0.7 on
b, and 0 on c, giving risk (0 + 0.7 + 0)/3 = 0.2333. By
contrast, the competing partition {a} | {b, c} has mixed-cell
aggregate interval I[0, .8], so the cell decision is dog. Its worst-
case errors are 0 on a, .8 on b, and 0 on c, giving risk
(0 + .8 + 0)/3 = 0.2667. Thus the admissible merge selected
by the replacement graph also has lower worst-case decision
risk than the competing merge.

V. INTRINSIC LOCAL BLOCK LIFT

Let xn = (x1, . . . , xn) ∈ Xn and yn = (y1, . . . , yn) ∈ Yn.
For a block xn, define K⊗

xn := Kx1
⊗ · · · ⊗Kxn

⊆ ∆(Yn).
For 1 ≤ i ≤ n and f ∈ F , define the lifted block score
as (Γif)(y

n) := f(yi). We call Γif a local cylindrical
observable: it is a function of the block alphabet Yn, but
it depends only on the i-th coordinate and is constant along
other coordinates. The corresponding local block test class is
F loc

n := {Γif : 1 ≤ i ≤ n, f ∈ F}. For arbitrary nonempty
compact convex credal sets Kn, Ln ⊆ ∆(Yn), we define the
local directed block distortion by

dloc+,n(K
n, Ln) := sup

g∈F loc
n

{ΨLn(g)−ΨKn(g)}. (18)

Let C ⊆ Xn be a nonempty block cluster, and K
(n)
C :=

co
(⋃

xn∈C K⊗
xn

)
be its aggregate credal set. We define C as

locally ε-admissible if

dloc+,n(K
⊗
xn ,K

(n)
C ) ≤ ε for every xn ∈ C.

A deterministic n-block encoder is locally ε-faithful if all of
its fibers are locally ε-admissible.

Let G∨n
ε be the OR power of the incompatibility graph Gε

with vertex set Xn. Two distinct blocks xn, un are adjacent
if there exists a coordinate i such that {xi, ui} is an edge of
Gε. We prove the following theorem.

Theorem 3 (Intrinsic local block lift): For Ki, Li ∈ K(Y),
i = 1, . . . , n,

dloc+,n(K1 ⊗ · · · ⊗Kn, L1 ⊗ · · · ⊗ Ln) = max
1≤i≤n

d+(Ki, Li).

(19)
Consequently, a nonempty block cluster C ⊆ Xn is locally
ε-admissible if and only if C is an independent set of the OR
power G∨n

ε .
Proof sketch: For a local cylindrical observable g = Γif , we
can write Γif = 0⊕· · ·⊕0⊕f⊕0⊕· · ·⊕0, where f appears
in the i-th coordinate. Product additivity therefore gives

ΨK1⊗···⊗Kn(Γif) = ΨKi(f), and similarly for L1 ⊗ · · · ⊗
Ln. Taking the supremum over i and f gives Equation (19).
For block cluster C, the convex-hull max law in Equation (12)
applied on Yn, gives Ψ

K
(n)
C

(Γif) = maxun∈C ΨK⊗
un

(Γif) =

maxun∈C ΨKui
(f). For every xn ∈ C, dloc+,n(K

⊗
xn ,K

(n)
C ) =

maxun∈C max1≤i≤n d+(Kxi
,Kui

). Thus, C is locally ε-
admissible if and only if max1≤i≤n d(Kxi ,Kui) ≤ ε for all
xn, un ∈ C. By the OR power definition, this is exactly the
condition that C is an independent set of G∨n

ε . □

For a prior π ∈ ∆(X ), let Xn ∼ π⊗n and H∗,loc
π,n (ε) be the

minimum output entropy of a deterministic locally ε-faithful
n-block encoder. The theorem gives the exact finite-n identity

H∗,loc
π,n (ε) = Hχ(G

∨n
ε , π⊗n). (20)

By the classical OR-power graph-entropy theorem [8]–[10],

lim
n→∞

1

n
H∗,loc

π,n (ε) = HGε
(π) := min

a∈VP(Gε)

∑
x∈X

π(x) log2
1

ax
,

(21)

where VP(G) is the vertex-packing polytope, i.e. the convex
hull of incidence vectors of independent sets of G. The
minimum expected binary prefix rate per source symbol
R∗,loc,pfx

π,n (ε) satisfies

1

n
H∗,loc

π,n (ε) ≤ R∗,loc,pfx
π,n (ε) <

1

n
H∗,loc

π,n (ε) +
1

n
. (22)

Therefore, the local prefix rate converges to HGε(π). In
particular, under local tests, the one-shot incompatibility graph
already contains all the information needed for block coding:
finite blocks correspond to OR powers, and the limiting rate
is graph entropy.

VI. FINITE BLOCKS AND NONLOCAL CONTRAST

Computed colorings at finite blocklength can be amortized
into explicit certificates for longer codes. Let an(ε, π) :=
H∗,loc

π,n (ε) − nHGε
(π), and δn(ε, π) := an(ε, π)/n. Products

of independent sets in G∨m
ε and G∨n

ε are independent in
G

∨(m+n)
ε . Therefore H∗,loc

π,m+n(ε) ≤ H∗,loc
π,m (ε) + H∗,loc

π,n (ε). It
follows that

HGε
(π) = inf

n

1

n
H∗,loc

π,n (ε), (23)

and hence an ≥ 0, am+n ≤ am + an, and δkm ≤ δm for all
integers k,m ≥ 1. Thus any certified coloring of a pilot block
gives an explicit amortized certificate for all multiples of that
block length. The entropy–prefix sandwich in Equation (22)
then converts these finite-block entropy certificates into prefix-
rate certificates. In particular, a certified m-block coloring can
be repeated over longer blocks, with only the usual prefix and
leftover-coordinate overhead.

If arbitrary block tests are allowed, coordinatewise separa-
tions can be pooled across the block, so the OR-power descrip-
tion no longer captures the full replacement geometry. To make
this contrast explicit, let Fglob

n be the class of all functions
F : Yn → R with minF = 0 and maxF ≤ 1. Define dglob+,n

by replacing the local test class with this unrestricted class.



For a credal set K, write the n-fold independent product as
K⊗n := K⊗· · ·⊗K , and define L⊗n analogously. Then strict
one-shot noninclusion is amplified by products: if L ̸⊆ K,
then dglob+,n (K

⊗n, L⊗n) −→ 1. Indeed, choose q ∈ L \ K
and a function h : Y → R such that ⟨q, h⟩ > supp∈K⟨p, h⟩.
Choose t strictly between these two quantities and consider the
event An :=

{
n−1

∑n
i=1 h(Yi) ≥ t

}
. Let Fn := 1An

. Then
Fn ∈ Fglob

n . Since q⊗n ∈ L⊗n and q⊗n(An) → 1, we have
ΨL⊗n(Fn) → log(e) = 1. On the other hand, every product
measure p1⊗· · ·⊗pn with pi∈K satisfies n−1

∑n
i=1 Epi [h]≤

supp∈K⟨p, h⟩<t. Since h is bounded on the finite alphabet Y ,
Hoeffding’s inequality for independent bounded variables [1]
gives (p1 ⊗ · · · ⊗ pn)(An) → 0 exponentially, uniformly over
all pi ∈ K. Therefore ΨK⊗n(Fn) → log(1) = 0.

Thus, unrestricted block tests can distinguish any strict
one-shot noninclusion in the product limit. The OR-power
reduction proved in Theorem 3 is therefore an exact law for
local replacement.

VII. SVHN CREDAL COMPRESSION EXPERIMENT

We instantiate the one-shot compression construction on
predictive credal sets obtained from an SVHN multi-view
credal-fusion pipeline [2]. The experiment starts from learned
probabilistic outputs, forms one finitely generated credal like-
lihood for each test image, computes the induced free-energy
replacement distances, and constructs the corresponding in-
compatibility graphs. Exact graph-coloring certificates then
give the admissible codebooks predicted by Theorem 2.

For each image xi, the pipeline produces three views
v ∈ {1, 2, 3}. Each view is evaluated by a five-member
ensemble m ∈ {1, . . . , 5}, giving predictive distributions
pi,v,m ∈ ∆({0, . . . , 9}). We attach to xi the credal likeli-
hood Ki = co ({pi,v,m : v ∈ {1, 2, 3}, m ∈ {1, . . . , 5}}) . All
directed distances are computed by finite support-envelope
optimizations. For each tolerance ε, Gε joins two inputs
whenever d(Ki,Kj) > ε. Recomputing all distances with
stricter tolerances changed symmetrized distances by at most
1.45 ·10−10 and produced no edge flips in the reported graphs.

Fig. 3. Exact one-shot credal coloring on N = 60 SVHN credal sets.

Figure 3 shows the exact one-shot credal-coloring curve on
the N = 60 SVHN credal likelihoods, while Table I reports
selected certified operating points. For example, we select
ε=0.988745 and τ =− log10(1 − ε) = 1.949, which lead to
χ(Gε) = 14. Thus the 60 credal likelihoods are compressed
into 14 admissible codewords, giving compression ratio 4.286
and cluster majority-label purity 0.783, where purity denotes

the cluster-size-weighted majority-label fraction. Increasing ε
to ε=0.998508, we obtain χ(Gε)=10 and compression ratio
6.000, with purity 0.700. This increase in ε removes edges
from Gε, so fewer codewords are required (see Theorem 2).
However, in this experiment, this leads to coarser and less
label-pure clusters.

TABLE I
EXAMPLES OF CERTIFIED OPERATING POINTS FOR CREDAL COMPRESSION.

ε χ(Gε) N/χ entropy purity

0.959367 18 3.333 4.052 0.767
0.988745 14 4.286 3.702 0.783
0.996122 12 5.000 3.387 0.733
0.998508 10 6.000 3.121 0.700
0.999339 8 7.500 2.876 0.650

We compare our credal-based metric with a minimax
barycenter surrogate. Let p̄i = (1/15)

∑
v,m pi,v,m. At each

operating point, we take k = χ(Gε) and compute an exact
minimax k-center compression of the barycenters, minimizing
worst within-cluster total-variation radius. This gives the point-
summary baseline the same number of clusters as the credal
coloring. The reported point-TV radius is this minimax within-
cluster total-variation (TV) radius computed on the barycenter
predictions. At ε=0.988745 and k=14, the barycenter base-
line reduces the point-TV radius from 0.9629 to 0.2990, but its
credal violation rate is 0.186. Thus about 18.6% of the within-
cluster pairs produced by the barycenter clustering are credally
incompatible. Figure 4 reports this comparison. The barycenter
surrogate improves reconstruction of averaged predictions, but
exact credal coloring gives the relevant guarantee for the credal
replacement objective because it keeps the violation rate at
zero by construction.

Fig. 4. Exact credal coloring VS minimax barycenter compression with k =
χ(Gε) clusters. Top: point-TV radius. Bottom: credal violation rate.

VIII. CONCLUDING REMARKS

In this paper, we introduced credal rate–distortion theory
for compression under epistemic uncertainty. We formulated a
free-energy replacement distortion that turns local uncertainty-
preserving compression of finite credal likelihoods into an
exact graph problem. Its exact zero-set validates it as a
correct criterion for credal replacement. Under local coordinate
tests this yields an exact zero-error coding law — one-shot
chromatic number and asymptotic Körner graph entropy.
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